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Resumo

Marrochio, H. Hidrodinâmica Relativística Dissipativa Confome 2014. Dissertação
(Mestrado) - Instituto de Física, Universidade de São Paulo, São Paulo, 2014.

Nesta tese investigamos construções de hidrodinâmica relativística dissipativa e suas
regiões de validade através de vínculos associados a simetrias, perturbação linear e apre-
sentamos algumas de suas descrições holográficas duais.

Primeiramente, estudamos vínculos de simetria em hidrodinâmica relativística con-
forme para construir soluções analíticas e semi-analíticas que evoluem no tempo e espaço
de fluidos dissipativos. Encontramos uma descrição simples mas não-trivial semi-analítica
de um fluído dissipativo causal (Israel-Stewart). Nós também investigamos o papel da
produção de entropia como um teste do comportamento físico destas soluções.

Nós investigamos a influência do coeficiente de transporte de 2a ordem na propagação
de ondas não-lineares sob um método perturbativo não linear em (1 + 1), e encontramos
uma generalização de segunda ordem da conhecida equação de Burger’s.

Em seguida, exploramos abordagens distintas de hidrodinâmica dissipativa sob per-
turbação linear. Nós apresentamos nossa construção de forma covariante, que expõe a
estrutura da correções de ordem superior, assim como a dependência da velocidade de
fundo. Encontramos que teorias construídas com expansão em gradientes das variáveis de
um fluido perfeito sempre possuem números diferentes de modos entre um fundo estático
e um em movimento, o que associamos com a presença de causalidade e instabilidades.
Nós também mostramos que Israel-Stewart é bem comportada sob perturbações lineares.

Por fim, revisamos a literatura básica sobre a correspondência Fluido-Gravidade, que
é a versão holográfica do método de Chapman-Enskog, construída por uma expansão
em gradientes. Nós revisamos como construir a métrica dual a Navier-Stokes, que re-
solve a equação de Einstein até primeira ordem nas derivadas das variáveis na fronteira.
Finalmente, exploramos construções que podem levar a uma truncarem consistente de
hidrodinâmica além da expansão em gradientes, e esboçamos investigações futuras.
Palavras-chave: Hidrodinâmica relativística conforme, estabilidade linear, dualidade
fluid-gravity.
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Abstract

Marrochio, H. Conformal Dissipative Relativistic Hydrodynamics. 2014. Disserta-
tion (Master’s) - Instituto de Física, Universidade de São Paulo, São Paulo, 2014.

In this thesis we investigate dissipative relativistic hydrodynamics constructions and
their regime of validity, through symmetry constraints, linear perturbation and overview
some of their holographic duals.

First, we study symmetry constraints on conformal relativistic hydrodynamics to con-
struct spatial and time evolving non-trivial analytic and semi-analytic solutions of differ-
ent dissipative theories of hydrodynamics. We find a simple yet non-trivial semi-analytic
description of causal (Israel-Stewart theory) dissipative fluids. In addition, we investigate
the role of entropy production as a consistency check on the physical behavior of solutions.

We also investigate the influence of the second order transport coefficient on nonlinear
wave propagation. We use the perturbative nonlinear method RPM in a simple (1 + 1)
construction to find a second order extension of the well known Burger’s equation.

Next, we explore different approaches of dissipative hydrodynamics under linear per-
turbation. We present our construction in a covariant notation, which exposes the general
structure of higher order corrections on dispersion relations, as well as the dependence
on the background velocity. We find that theories constructed with gradient expansion of
the perfect fluid dynamical variables always have different number of modes between a
static background and a moving one, which we associate with acausal behavior and the
presence of instabilities. Also, we show that the Israel-Stewart formalism is well-behaved
under linear perturbations.

We then overview some aspects of the Fluid-Gravity correspondence, which is the
holographic realization of Chapman-Enskog’s theory, constructed via gradient expansion.
We review how to reconstruct the metric dual to Navier-Stokes equations, which solves
Einstein equation up to first order in the derivatives of the fluid variables. Finally, we
explore constructions that might lead to a consistent non-equilibrium truncation of hy-
drodynamics beyond the gradient expansion formalism, and outline future investigations.
Keywords: Conformal relativistic hydrodynamics, linear stability, fluid-gravity duality.
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Chapter 1

Overview

1.1 Theoretical overview of heavy-ion collisions

In the first chapter of this thesis we overview the main developments and ideas that
will be further explored in the subsequent chapters.

Hydrodynamics has been a subject of interest for centuries [2]. Recently, it has been
employed as a description of collective behavior of the hottest state of matter produced
in laboratories, the Quark Gluon Plasma (QGP) [3, 4]. The Quark Gluon Plasma pro-
duced at RHIC [5, 6] and LHC [7, 8] should be a highly energetic near perfect fluid,
which features very small dissipative effects, and naturally since the velocities are close
to the speed of light, the hydrodynamical formalism should be relativistic [9]. Also, from
microscopical arguments, such as the mean free path lmfp in the quasiparticle picture,
the strongly coupled nature of Quantum Chromodynamics (QCD) interaction leads to
small but nonzero dissipative effects [10]. Therefore, it seems appropriate that the correct
framework to study the low energy, long wavelength evolution of the QGP is relativistic
dissipative hydrodynamics. We represent a heavy ion collision in Fig. 1.1.

The argument that heavy ion collisions should produce an almost perfect relativistic
fluid is far from obvious and there are often many conceptual obstacles to surpass. For
one, it has been understood that the correct framework to study strong interactions is
QCD [11–14]. QCD is a very non-trivial quantum field theory with a rich phenomenol-
ogy. A major property arises from its negative beta function; as a consequence, QCD is
asymptotic free in the regime of high energies, ultraviolet (UV), but strongly coupled in
the low energy limit, infrared (IR) [15, 16]. Perturbative quantum field theory is generally
well-understood, but there is not a unique framework to approach the full theory when it
is in the strongly coupled regime. One interesting physical consequence of IR nonpertur-
bative effects in QCD is confinement [17]. Quarks and gluons are not measured directly;
in fact, at low energies the theory organizes itself in hadronic degrees of freedom, which

2
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are widely investigated theoretically and experimentally [14, 18].
If the collision only involves two protons, the underlying dynamics can already be very

complicated, as quarks and gluons interact in a very non-perturbative regime. Understand-
ing these collisions is already a complicated task. However, in heavy-ion collisions, one is
usually colliding gold and lead nuclei, which contain around 200 nucleons! Therefore, it
is very nontrivial to understand initial conditions in heavy-ion collisions, i.e., the initial
< Tµν > that comes from initial condition and eventually becomes dissipative hydrody-
namics. The geometric properties of scattering of nuclei can be studied using the Glauber
model [19], and the input energy density is usually parameterized by a Woods-Saxon
distribution with some experimental input for the parameters. There is also a different
model for the initial energy density, related to the idea of color-glass-condensate (CGC)
[20], and the collision of CGC sheets resulting in glasma [21], an amorphous precursor of
the QGP phase.

One very powerful tool to analyze the properties of a strongly coupled gauge theory is
the lattice formalism. The community of lattice QCD has already achieved great results,
such as the calculation of the proton mass from first principles [22]. Also, lattice QCD is a
very successful framework for computing the thermodynamical equilibrium properties of
the gauge theory but it still lacks a more efficient method for calculating dynamical non-
equilibrium quantities. For instance, lattice QCD results for the QCD equation of state are
very reliable [23, 24], as the error bars involved in the lattice formalism are generally small
for such studies. However, reliable calculations of shear viscosity and relaxation times
are still absent because these quantities involve the calculation of real-time correlation
functions, which are not computed directly on the lattice [25].

It is natural then to look for an effective theory that describes the collective behavior
for quarks and gluons. Instead of solving the complicated gauge theory, one may solve
the relativistic Boltzmann equation [26, 27]. Naturally, this formalism has its own com-
plications and subtleties, but the advantage is that the convoluted QCD dynamics can
be represented by simple models in the interaction between the quasi-particles. Such ap-
proach has been very success describing the evolution of a hadronic gas, with realistically
good estimation of the transport coefficients [28–30]. It is also possible to use coarse grain-
ing techniques in relativistic Boltzmann Equation to obtain an IR effective theory, which
ends up being relativistic dissipative hydrodynamics. There are different coarse graining
methods, and later in this thesis we will discuss the consequences of such to the effective
hydrodynamical theory.

Despite its success in the description of the hadronic gas, the relativistic Boltzmann
equation is not the appropriate tool to study the QGP at all temperatures. Firstly, the
reliable techniques involve the existence of quasiparticles, which is a perturbative concept.
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Since the QGP may be strongly coupled, there is no guarantee that the transport coef-
ficients calculated in this formalism are useful. Also, experiments suggest a small shear
viscosity to entropy ratio [31], which is generally not achieved by simple models within
kinetic theory.

1.2 Brief discussion about holography and hydrody-

namics

A possibility to describe from first principles nearly perfect fluids came from string
theory. The gauge/gravity duality, known in its most famous realization as AdS/CFT
(Anti-de Sitter/Conformal Field Theory) [32], is a conjecture relating two apparent dif-
ferent theories: Type-IIB string theory in AdS5 × S5 background and a conformal field
theory N = 4 Supersymmetric Yang-Mills (SYM) theory in 4 dimensions. In most ap-
plications, the ten dimensional spacetime reduces to a fixed background of AdS5 (the
compact sphere S5 acts as a phase space configuration). The duality is usually employed
in the large Nc regime, where the number of colors of the Yang-Mills gauge theory SU(Nc)

is very large. Holography becomes a useful tool because of the inverse coupling relations.
The t’Hooft coupling of the large-N field theory is λ = g2

YMNc. A careful analysis (see
for instance [33–35]) of the string theory properties of the duality indicates that quantum
gravity effects should be taken under consideration as the ratios of the string length ls, lP
planck length and the AdS radius L are small. These ratios are

(
ls
L

)2

=
1√
λ
,

(
lP
L

)8

=
π4

2N2
c

. (1.1)

Therefore, the theory in AdS5 is classical and absent of quantum and stringy fluctua-
tions in the limit Nc � 1 and λ� 1. Therefore, solving the classical gravitational theory
in AdS5 bulk should correspond to the infinitely strongly coupled quantum field theory
at the boundary. The low energy background should then be Einstein’s equation in the
presence of a negative cosmological constant for AdS5

RMN −
R

2
gMN + ΛgMN = 0 , Λ ≡ −10

L2
, (1.2)

where the cosmological constant Λ can be related to the AdS radius for AdS5 via the
above formula.

If the boundary field theory is thermal, then the bulk description becomes of a black
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hole in asymptotically Anti-de Sitter spacetimes. Since the full picture involves degrees
of freedom of string theories, these objects are often called black branes, which are black
hole solutions in extended spatial dimensions. It is known that black objects not only
radiate semi-classically Hawking radiation, but also that their entropy scales as the area
of the black object. This is a realization of the holographic principle [36]: In a gravita-
tional theory, the degrees of freedom scale with the area, while in a quantum field theory,
these degrees of freedom scale with the volume. In this light, the correspondence between
theories existing in different dimensions gets a stronger evidence. In more practical terms,
one can write the black brane metric in AdSd+1 in Fefferman-Graham coordinates, which
makes manifest the conformal factor at each position in the fifth dimension z [33–35]

ds2 =
L2

z2

(
− f(z)dt2 + d~x 2 +

dz2

f(z)

)
. (1.3)

It follows from holography then that the thermal properties of the boundary field
theory is encoded in the dynamics of the bulk. One great advantage holography has
compared to other methods at this moment is that it can access real time dynamics
of the strongly coupled gauge theory. For this reason, holography is widely explored in
understanding transport coefficients and non-equilibrium dynamics [31, 37]. One early
result of great importance has been the calculation of the shear viscosity over entropy
ratio for N = 4 SYM [10], which turns out to be the general ratio for isotropic two
derivative theories of gravity. The resulting ratio is

η

s
=

1

4π
, (1.4)

which is in better agreement with the experimental data than calculations from ki-
netic theory, for instance [28–30]. Of course, N = 4 SYM in the large Nc limit is very
different from QCD, which contains only three colors, no supersymmetry, confinement
and a running beta function just to mention a few. Interestingly enough, QCD at finite
temperature and above its critical temperature associated to the confining scale seems
to share some properties with N = 4 SYM at finite temperature, such as broken super-
symmetry and scale symmetry. There are bottom-up holographic models that mimic the
thermodynamical properties of QCD calculated by lattice methods, and therefore these
more “realistic” models can be used to derive transport coefficients from holography [38].

However, the question remains on how a consistent dissipative theory of hydrodynam-
ics arises from holography. One example of such is encoded in the so called fluid-gravity
correspondence [39]. This duality relates perturbative black brane metrics in asymptoti-
cally spacetimes in d dimensions to nonlinear fluid dynamics at the (d − 1) dimensional
boundary. One simple interpretation is that the fluid-gravity correspondence is the ex-
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treme IR and classical limit in the thermal AdS/CFT, where the excitations should be the
ones in hydrodynamics. Despite its rich structure and successes, one immediate problem
is that the fluid-gravity correspondence is the holographic realization of the well known
Chapman-Enskog construction used in Kinetic theory (see for instance [40]), which con-
sists of order-by-order truncations in the gradients of the fluid dynamical variables. We
will often refer to this construction, whether in holography or in kinetic theory, as the
gradient expansion. The Chapman-Enskog construction is plagued with linear instabilities
and acausality issues [41–43], and throughout this thesis we will review the literature on
such topic, as well as expose our new results regarding the mathematical inconsistencies of
such formalism. The effective low energy theory that fixes these problems and is obtained
from gravity in AdS spacetimes is still an open problem. In this thesis we briefly discuss
these issues and point out that numerical relativity might be the correct framework to
study these problems [44, 45].

1.3 Symmetries, Hydrodynamics, Instabilities

Much effort in developing theoretical physics for the past decades has been related
to the role of symmetries in our universe. One remarkable example is the application
of group theory in the Standard Model of Particle Physics [46], as well as constructing
simpler effective field theories in a regime where certain symmetries are approximately
valid [47].

Conformal symmetry is a very special type of symmetry, which preserves angles un-
der relativistic transformations, i.e., an extension of the Poincaré group to include scale
transformations and special conformal transformation, which is related to inversion and
translation ([48] and Appendix A). It is not expected that realistically many theories will
obey such a symmetry, as the existence of scale seems to be very fundamental in most of
the low energy physics of classical and quantum phenomena. Despite these shortcomings,
conformal theories are useful as toy models for their relative simplicity, and some phase
transition phenomena should involve approximate conformal invariance near a critical
temperature [48].

This is the leading argument in most examples where conformal theories are employed
in this thesis: it is not supposed to be a detailed description of the physical system, but
instead a first approximation to understand some universal physical properties. In this
spirit, in Chapter 2 we present the first analytic and semi-analytic solutions of causal
dissipative relativistic hydrodynamics, within the Israel-Stewart(IS) formulation [49, 50]
, where the flow is boost invariant, but time evolving, and radially expanding in the
transverse plane perpendicular to the colliding direction (Gubser Flow [51, 52]). We also
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analyse how different dissipative approaches lead to ill-defined solutions. This chapter is
an expansion upon on our paper [53].

Next, we investigate the influence of the relaxation time parameter found in most
dissipative second order theories, such as Israel-Stewart theory, in solitonic behavior and
nonlinear phenomena. Chapter 3 covers the use of the Reductive Perturbative Method
(RPM) [54–56] to find an extension of the Burger’s Equation to include second order
corrections. We found that the relaxation time contributes to the solitonic stable prop-
agation, and found that the nonlinear perturbative method fails to address the correct
dynamics of very irregular initial conditions. This chapter is heavily based on our paper
[57].

In Chapter 4 we investigate the structure of dissipative relativistic hydrodynamics
under linear perturbations. We present a more general covariant structure of dispersion
relation than found in the recent literature [58, 59]. Also, we expand the original inves-
tigation of linear instability and acausality in relativistic Navier-Stokes theory [41–43] to
higher order gradient theories, and we conclude that the gradient expansion approach not
only fails to address these issues but may actually add new inconsistencies. This chapter
is based on a small part of our paper [38], and the majority of it is based on a paper in
preparation [60].

Finally, in Chapter 5 we review the Fluid-Gravity formalism [39, 61, 62], which is
the holographic construction of the gradient expansion that leads to dissipative fluid dy-
namics. We briefly review some basic knowledge about black hole geometries and the
holographic construction of thermal theories. The goal of this chapter is to review the rel-
evant literature and investigate how a more general effective dissipative theory at strong
coupling might emerge from gravity, in analogy to the derivation of Israel-Stewart hy-
drodynamics from Boltzmann equation in kinetic theory [30]. In contrast to the other
chapters in this thesis, there are no new results presented in this chapter. We finish in
Chapter 6 with conclusion, and an outlook to future work directions.

There are several appendices in this thesis. In Appendix A we review the relevant
properties of the conformal group. Next, we review the behavior of hydrodynamics under
Weyl transformations in Appendix B, and we check that the hydrodynamical theories
studied in this thesis transform appropriately under such transformation. In Appendix
C, we review the geometric properties of the de Sitter space in order to gain intuition of
the Gubser flow discussed in Chapter 2. We provide a detailed calculation of the RPM
method employed in Chapter 3 in Appendix D, and finally in Appendix E we analyze
linear stability properties of a second order gradient expansion theory with bulk and
shear viscosity.
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Figure 1.1: Representation of a heavy ion collision. First, two relativistic nuclei approach
each other. Then, the system approximately thermalizes and a very hot fluid expands. Spatial
anisotropy is translated to momentum space anisotropy through hydrodynamic evolution. Later,
the fluid cools and the degrees of freedom become hadronic.



Chapter 2

Gubser flow for causal dissipative
relativistic hydrodynamics

The first chapter of this thesis deals with what is called Gubser flow of hydrodynamics
[51, 52]. We discuss and show how one can use symmetry arguments to find analytical
and semi-analytical solutions of dissipative relativistic hydrodynamics. We explore both
Bjorken [63] and Gubser symmetries. We also study entropy production and the role of
initial conditions for the Gubser flow, and we show that a second-order theory constructed
using the gradient expansion displays problems for both solutions constructed upon these
symmetry constraints. Our investigation is the first to find a non-trivial semi-analytical
solution to a causal dissipative hydrodynamics theory, which can then be used to test the
consistency of the various computer schemes used in simulations of QGP dynamics. We
show an example of such comparison to the numerical simulation of music [64–66].

This chapter is based on our paper [53], but expanded to include the analysis of Bjorken
solutions and entropy production. We adopt the metric signature gµν = diag(−1, 1, 1, 1)

and natural units for this chapter.

2.1 An introduction to Relativistic Hydrodynamics

We follow the spirit of the review [67], but notice that our metric signature in this
chapter is different than theirs. Fluid dynamics is an effective nonlinear theory for the low
energy excitations that describe collective behavior near local equilibrium. We usually
define the thermodynamic properties to be the energy density and the pressure of the
medium. In non-relativistic hydrodynamics, one is usually concerned to solve for the mass
density and pressure, which is natural since mass is generally conserved in the the non-
relativistic regime [9]. The situation is already different in simple relativistic interactions,
since the kinetic energy is comparable to the rest mass energy contribution. Therefore,

9
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one needs to work with energy density instead of mass density in a consistent theory of
relativistic fluid flow.

Another vital ingredient for the description of fluids is the velocity of a local fluid cell.
In a relativistic theory, the usual concept of spatial euclidian vector needs to be extended
to the 4-vector structure, including a time-like component. These are the fundamental
ingredients for a relativistic hydrodynamical theory without conserved charges: two num-
bers related to energy density (ε) and pressure (p), at least in some reference frame, a
four-velocity and the metric tensor itself. Therefore, one can argue that the most general
tensor structure for the stress-energy tensor should be built-up from these quantities, at
least in equilibrium and assuming isotropy. We can summarize this argument noticing
that

T µν = x gµν + y uµuν , (2.1)

where T µν is the stress-energy tensor, gµν is the metric, uµ ≡ dxµ/dt
′ , and dt′ = γ−1dt

is the four-velocity with property uµuµ = −1 (in our signature), as the Lorentz factor
is γ = (1 − ~v 2)−1/2. The variables x and y are just numbers that should be related to
the energy density and pressure somehow, which are the two relevant thermodynamical
variables of the problem. Suppose that the metric is the Minkowski flat 3 + 1 spacetime,
with mostly plus signature, gµν = diag(−1, 1, 1, 1). In the rest frame, the four-velocity
has a very simple form uµ = (1, 0, 0, 0). Therefore, the isotropic stress-energy tensor in
Minkowski spacetime and in the local rest frame has the following structure

T µν0 =


(y − x) 0 0 0

0 x 0 0

0 0 x 0

0 0 0 x

 . (2.2)

The time-like component (y − x) should be the energy density, and the x compo-
nents should be identified as pressure. Therefore, the most general tensor for ideal fluid
dynamics, which satisfies the right quantities in the rest frame, is

T µνideal = pgµν + (ε+ p)uµuν . (2.3)

There is a more convenient way to write the tensor components in hydrodynamics,
since there is a natural four-vector in the theory, the four-velocity. We define the operator

∆µν = gµν + uµuν , (2.4)

where the plus sign is consistent with our metric signature. This projector is by con-
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struction orthogonal to the four-velocity flow, and it is useful to separate the degrees of
freedom in the conservation equations, for example. With the orthogonal operator, the
stress-tensor can then be written as

T µνideal = (ε+ p)∆µν − εgµν = εuµuν + p∆µν . (2.5)

We denote the covariant derivative ∇µ with the proper definition of connection in
that specific spacetime, which satisfies the property ∇αgµν = 0. For ideal fluid-dynamics,
one just needs to impose conservation of momentum and energy, i.e., ∇µT

µν
ideal = 0. These

constraints can then be written as the following projections of the divergence of the stress-
energy tensor,

uν∇µT
µν
ideal = D ε+ (ε+ p) θ = 0 ,

∆α
ν∇µT

µν
ideal = (ε+ p)Duα −∇α

⊥ p = 0 , (2.6)

where we defined the comoving derivative D ≡ uµ∇µ, θ is the four-divergence of the
four-velocity θ ≡ ∇µu

µ and∇α
⊥ ≡ ∆αµ∇µ is the transverse derivative. Notice that the non-

relativistic limits of Eqs. (2.6) are the Euler equations [9]. There seems to be effectively
five independent equations, because the range of the index alpha is 0 − 3. However, the
equation is orthogonal to the four-velocity, which is a constraint and then effectively
there are only 4 independent equations, as it should be. If one knows the equation of
state, i.e. how the energy density and pressure are related for a specific medium, then
these equations are complete and therefore can be solved using some powerful integration
method.

Eqs. (2.6), as there are energy losses due to the second law of thermodynamics, which
are associated to dissipation. The usual method to write dissipation is by adding exactly
what is lost in terms of energy and momentum in the stress-energy tensor. Therefore, the
four-divergence of this general energy-momentum tensor, T µν will still be zero, ∇µT

µν .
The recipe is then to add [9]

T µν = T µνideal + Πµν = (ε+ p)∆µν − εgµν + Πµν , (2.7)

where Πµν is precisely the dissipative contribution. There is a “gauge” choice in defining
the coordinates of this tensor, we adopt the so called Landau frame [9], where the energy
density is at rest in the local rest frame. This condition implies that the dissipative tensor
is orthogonal to the four-velocity, i.e., uµΠµν = 0. If one takes this general form under
consideration, the equations of hydrodynamics take the form
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uν∇µT
µν = D ε+ (ε+ p) θ + Πµν∇⊥(µuν) = 0 ,

∆α
ν∇µT

µν = (ε+ p)Duα +∇α
⊥ p+ ∆α

ν∇µΠµν = 0 , (2.8)

with the symmetrization of the indicesis denoted by A(µν) = (Aµν + Aνµ)/2. This
is a general construction of the dissipative fluid dynamics laws. The intricate details of
what exactly the dissipative theory is depend on the evolution equation for the symmetric
tensor Πµν , which has in general 10 independent coordinates in four dimensions.

We can separate out the degrees of freedom of the dissipative tensor by separating its
trace in the irreducible representation, which results in

Πµν = πµν + Π∆µν , (2.9)

where Π ≡ gµνΠ
µν/3 is a fraction of the trace of the full Πµν and πµν is the traceless

symmetric dissipative tensor. If the dissipative tensor were not defined in the Landau
gauge, there would necessarily be a non-zero four vector part in Eq. (2.9) associated to
particle density flow.

There is a simplest generalization involving the lowest order of derivatives of the ther-
modynamical variables that matches the Navier-Stokes equations in the non-relativistic
limit - this is called the relativistic Navier-Stokes (NS) theory. When we mention NS,
we refer to the relativistic theory, unless explicitly said the contrary. There is one simple
argument to “derive” the NS theory. First, the equilibrium entropy current is given by

sµ = s uµ , (2.10)

where from thermodynamics we have the equilibrium entropy density (at zero chemical
potential) s = (ε+ p)/T , and Tds = dε. Notice that the four-divergence ∇µu

µ is a source
equation, and from the second law we should expect ∇µs

µ ≥ 0. If we evaluate explicitly
the derivative ∇µs

µ and make usage of the conservation equations Eqs (2.8), one finds

∇µs
µ = Ds+ sθ = − 1

T
Πµν∇⊥(µuν) . (2.11)

For such manipulations, is is useful to define a projector that is symmetric, traceless
and orthogonal to four-velocity. We then define
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∆µναβ ≡ 1

2

(
∆µα∆νβ + ∆µβ∆να

)
− 1

3
∆µν∆αβ ,

σµν ≡ ∆µναβ∇αuβ , (2.12)

where we call the tensor σµν the shear tensor. We also define the operation A<µν> as
A<µν> ≡ ∆µναβAαβ. Now, rewriting Eq. (2.11) with the dissipative tensor separated as
Eq. (2.9), we have

∇µs
µ = − 1

T

(
πµν σµν + Π θ

)
≥ 0 . (2.13)

Therefore, the usual definition relativistic definition that reduces to the correct Navier-
Stokes equations in the non-relativistic regime is

πµν = −2ησµν , Π = −ζθ , (2.14)

with η being the shear and ζ the bulk viscosity coefficients. Notice that with these defini-
tions for the dissipative tensor, the divergence of the equilibrium entropy is always positive
if the temperature is also positive. Although this statement seems obvious, we will see
that the Gubser flow in Navier-Stokes theory has a regime with negative temperature, and
one of the consequences for such is the violation of the second law of thermodynamics. For
most of the analysis in this thesis, we consider only shear contributions, unless explicitly
stated the opposite. Conformal theories have zero bulk contribution.

To summarize, the simplest conformal dissipative theory that only includes the lowest
order gradient corrections 1, without heat flow and chemical potential, and that contain
the non-relativistic Navier-Stokes limit is [9, 67] :

D ε+ (ε+ p) θ + πµνσµν = 0 ,

(ε+ p)Duα +∇α
⊥ p+ ∆α

ν∇µπ
µν = 0 ,

πµνNS = −2η σµν . (2.15)

Despite its success in describing a large range of phenomenology in non-relativistic
physics, the relativistic Navier-Stokes is not a full satisfactory theory. In this thesis alone,
we show that the relativistic Navier-Stokes equations lead to exact solutions with negative

1Otherwise, Eq. (2.13) would not be guaranteed to hold for different values of velocity flow. Since in
the Navier-Stokes theory it assumes a squared value, it is always a positive quantity.
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temperature [52], besides being linearly unstable and displaying violation of causality
(Chapter 4) [41–43].

The usual lore is that dissipative theories which contain higher order derivatives in the
form of a Taylor expansion should fix these problems of NS; however, there is not a unique
procedure to generalize it and include second order gradient terms. Ideally, these theories
should be derived from first principles, but even that procedure might be flawed from its
initial assumptions. We will study two classes of dissipative relativistic hydrodynamics;
one constructed truncating in a derivative series of the ideal fluid variables, the Chapman-
Enskog construction, which we also refer as the gradient expansion approach [40]. One
example of such constructions, which we only write the terms relevant for the Gubser flow
in flat spacetime, is the second order gradient expansion conformal theory [68],

πµν = −2ησµν + 2ητπ

(
Dσ<µν> +

θ

3
σµν
)

+ 4λ1 σ
<µ
λ σν>λ , (2.16)

where we define the tensor DA<µν> = ∆µναβDAαβ. We will show that this theory also
contains instabilities and acausality under linear perturbation in Chapter 4 [38, 60], as
well as an inconsistent descriptions in the Bjorken and Gubser flows.

Another approach is the phenomenologically inspired Israel-Stewart theory [49, 50],
which is known to be derived from the Boltzmann equation using the moments method
[30]. This theory involves a differential equation for the dissipative tensor instead of an
algebraic one, such as the NS. The conformal theory we use to compare with Eq. (2.16)
is [69]

τπ

(
Dπ<µν> +

4

3
θπµν

)
+ πµν = −2ησµν − 2

λ1

η
π<µλ σν>λ , (2.17)

Notice that, as argued in [68], if the asymptotic value of the dissipative tensor is approx-
imately πµν ≈ −2ησµν , in this very specific regime these two theories are approximately
equivalent. However, we will argue in which limits this is a reasonable approximation, and
in which regimes the gradient expansion approach fails to be a consistent theory. For these
second order theories, there is a correction to the equilibrium entropy. We will explore
the influence of the initial conditions on Israel-Stewart for the entropy production [53],
for instance.

There is an even more interesting way to write the hydrodynamic equations for a
conformal theory. There is only one scale in a thermal conformal theory, which is the
temperature. Therefore, every thermodynamical variable and transport coefficient contain
a specific power of temperature dictated by simple dimensional analysis. For instance, the
energy density scales as the fourth power, the entropy and the shear viscosity as the
cubic power, while the relaxation time as the inverse of the temperature, and so on. Of
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course the exact coefficient that relates energy density and temperature, for instance, is
given by the specific microscopic model under consideration. For a conformal theory some
simplifications occur. Suppose that the energy density is related to the temperature as

ε = αT 4 , (2.18)

in which α is a constant. For a conformal theory in flat space, the tracelessness condition
implies that 3p− ε = 0, and then the speed of sound is cs = 1/

√
3. Therefore, we can also

associate the entropy density with the constant α using the first law of thermodynamics,

s =
(ε+ p)

T
=

4

3
αT 3 . (2.19)

The conservation equations (2.8) then become (for a conformal theory Π = 0)

DT +
T

3
θ +

πµνσµν
3s

= 0 ,

∇µ
⊥T + TDuµ +

∆µ
ν∇απ

αν

s
= 0 , (2.20)

As usual the dissipative contributions are encoded in πµν and are specific to each
theory of hydrodynamics and the definition of the dissipative shear tensor. In the next
sections we will show analytical and semi-analytical methods to solve these nonlinear
coupled PDEs.

2.2 Bjorken Flow and Hydrodynamics

Before discussing Bjorken symmetry, we first need to introduce the coordinate system
in which this symmetry is mostly manifest. We are defining the so called Milne coordinate
system, which is a hyperbolic coordinate relating one of the spatial directions to the time
coordinate. Therefore, in terms of applications to heavy ion physics, one can think of the
longitudinal spatial direction as the colliding direction of the beam axis, for instance the z
direction. It is possible then to relate these two coordinates through hyperbolic mapping,
such as the proper time τ =

√
t2 − z2 and the rapidity ξ = 1/2× ln [(t+ z) / (t− z)]. For

most central collisions, boost invariance2 is a reasonable approximation, which motivates
the use of such system. We choose to parametrize the transverse plane to be the usual
polar coordinates, r =

√
x2 + y2 and φ = tan−1

(
y
x

)
. The Milne coordinate is then xµ =

2In a Lorentz boost in the z direction, (t
′
+ z

′
) = γ(1− v)(t+ z) and (t

′ − z′
) = γ(1 + v)(t− z), and

then the rapidity transforms as a translation ξ = ξ
′
+ 1

2 ln 1−v
1+v = ξ

′
+ a.
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(τ, r, φ, ξ) and the line element is

ds2 = −dτ 2 + dr 2 + r2dφ2 + τ 2dξ2 , (2.21)

which covers the future wedge of R3,1. The Bjorken symmetry is a scaling symmetry.
In the Milne coordinates, the four-velocity is simply uµ = (1, 0, 0, 0). However, notice that
such four-velocity in cartesian coordinates has two non-zero components. The Bjorken
scaling solution assumes that all thermodynamical variables depend only on proper time
τ , since the full isometry group is the rotation group in the plane, the radial symmetry, as
well as boost invariance. In terms of real applications, the Bjorken scaling solution is very
simple, as it does not account for any evolution on the transverse directions and it relies
on boost invariance. It is nonetheless instructive to learn about the properties of different
dissipative theories: we will study the ideal case, Navier-Stokes theory and the two second
order theories, gradient expansion and Israel-Stewart shown in Eqs. (2.16) and (2.17).

The conformal group is reviewed in Appendix A. It is a generalization of the Poincaré
group ISO(3,1) to SO(4,2), with the inclusion of scale transformations and special con-
formal transformations (SCT). In Appendix B, we show that the equations of conformal
hydrodynamics are invariant under a Weyl transformation.

The Bjorken symmetry contains boost invariance in one spatial direction, the symme-
try group SO(1,1). It also contains a Z2, as there is a symmetry under a parity transfor-
mation for the rapidity ξ. Also, there is no dependence on the transverse plane variables,
which implies rotational symmetry as well as a translation radial symmetry. These are
contained in the Poincaré group on two dimensions, ISO(2). The Bjorken symmetry is
then the direct product of these 3 groups, SO(1, 1)⊗ ISO(2)⊗Z2 [51]. These symmetries
imply that the static flow in Milne coordinates is the only possible flow consistent with
the symmetries. One explicit and more rigorous way to prove such is by using the Lie
derivative along the four-velocity for each of these symmetries, i. e.,

Lψiu = 0 , (2.22)

where ψi is the vector field associated with each of these symmetries above. The
condition that such operator equals zero is the symmetry constraint for the symmetries
of Poincaré group.

There are some useful quantities that can be calculated right away. The expansion
rate θ is

θ = ∇µu
µ =

1√
−g

∂µ(
√
−guµ) =

1

τ
. (2.23)
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Also, the non-zero Christoffel symbols are 3

Γτξξ = τ , Γξτξ = Γξτξ =
1

τ
. (2.24)

Therefore, the only non-zero derivative of the four-velocity is

∇µuν = −Γλµνuλ = Γτµν ,

∇ξuξ = τ (2.25)

The shear tensor can be constructed right away from its definition, σµν = ∆µναβ∇αuβ

and the flow velocity. The non-zero components are then

σxx = σyy = − 1

3τ
, σξξ =

2

3τ
, (2.26)

which results in a traceless tensor, and also orthogonal to uµ, as it should be.

2.2.1 Bjorken, Ideal and Navier-Stokes

The Bjorken solution for ideal hydrodynamics has been known for quite some time
in the literature [63]. The equations of motion are very simple for the ideal case. The
dissipative tensor is zero in Eqs. (2.20), and the energy conservation simply becomes

∂τT +
1

3

T

τ
= 0 , (2.27)

with solution

Tideal(τ) =
T0

τ 1/3
, (2.28)

the solution is simply a scaling solution
If we include just he first dissipative corrections, which is the Navier-Stokes equation

with πµν = −2ησµν , the differential equation can still be solved exactly in the conformal
limit. So, with Eq. (2.26), the Navier-Stokes differential equation is

∂τT +
1

3

T

τ
− 4

9τ 2

η

s
= 0 , (2.29)

3Notice that even though the space has non-zero Christoffel symbols, it is still flat.
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with solution

TNS(τ) =
T0

τ 1/3
− 2

3τ

η

s
. (2.30)

Notice already an unusual feature of the exact Bjorken solution of Navier-Stokes theory.
Once the initial condition is determined at τ0 6= 0, there is always an earlier time where
the negative term dominates, which is independent of the initial condition! Therefore, this
solution is unphysical for early times. Nevertheless, in this Bjorken case, since θ = 1/τ ,
early times is equal to large gradients, which is outside the scope of NS theory.

2.2.2 Gradient Expansion and Bjorken Flow

It has been suggested that if one takes second order corrections to Navier-Stokes
theory, the mathematical inconsistencies of NS should vanish. We argue that second order
gradient theory is not enough to circumvent such problems and in some cases it might
even aggravate them.

Let us now investigate the second order gradient expansion theory in Eq. (2.16), orig-
inally studied in [68, 70]. There are two extra terms to be calculated: the comoving
derivative of the shear tensor and a tensor related to the square of the shear tensor. Since
the Milner metric has non-zero connection, the comoving derivative of the shear tensor
has the following form

Dσµν = uλ∂λσµν = uλ
(
∂λσµν − Γαµλσαν − Γανλσµα

)
, (2.31)

so with the non-zero Christoffel symbols Eq. (2.24) and the shear tensor non-zero
components Eq. (2.26), it is straightforward to compute Eq. (2.31). The tracelessness
condition permits to calculate only the contribution to πξξ, as the dissipative contribution
to the energy equation, πµνσµν , is simply 3

2
πξξσξξ. The second term that is related to the

derivative of the shear tensor is then(
Dσ<ξξ> +

θσξξ

3

)
= −4

9

1

τ 4
. (2.32)

The other term is more straightforward since it involves only operations with the shear
tensor but not its derivatives. This contribution is just then

σ<ξλ σξ>λ = ∆ξξ
αβσ

µ
λσ

νλ =
2

9

1

τ 4
. (2.33)

Finally, the equation for the temperature of the conformal fluid in the second order
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gradient expansion approach is [68, 70]

∂τT +
1

3

T

τ
− 4

9

η

s

1

τ 2
− 8

27

η

s
τπT

1

Tτ 3
+

8

27

λ1T

s

1

τ 3T
= 0 . (2.34)

The transport coefficients have been purposely left with the usual combinations of the
thermodynamical values that compensate the temperature contributions, so they are just a
pure number. For example, in a conformal fluid, η/s, τπT and λ1T/s are just pure numbers.
This differential equation does not have an analytical solution, but one can easily solve it
with standard numerical routines available for instance in Wolfram’s Mathematica 4. In
order to numerically solve this, we need to give values for the transport coefficients, which
is then dependant on which microscopic theory is under analysis. For the quark-gluon
plasma, so far holographic methods have been successful in order to describe the general
hydrodynamic behavior of the theory, so we will for simplicity consider the coefficients for
strongly coupled N = 4 SYM, as calculated in [68],

η

s
=

1

4π
, τπT =

2− ln[2]

2π
,

λ1T

s
=

1

2π

η

s
. (2.35)

One general feature of holography is that these transport coefficient ratios are con-
siderably smaller than than those calculated from simple kinetic theory models [28–30].
In weak coupling QCD calculations, η/s ≈ 1/(g4 ln g1), which makes η/s >> 1 if the
coupling g is g → 0 [71, 72].The initial condition is that at proper time τ = 1 fm, we have
a temperature of T (1) = 1.2 fm−1. We also adopt the usual conversion in natural units,
1 fm = 1

197.3
MeV−1. The non-equilibrium entropy of the second order theory is given by

[73]

sneq = s− τπη

T
σαβσαβ +O(3) , (2.36)

and the full entropy production up to second order in the gradient expansion Eq. (2.16)
is

∇µ(sneq u
µ) =

η

s

s

2T
σµνσ

µν − 1

2

λ1

Ts

s

T 2
σµνσ

µ
λσ

λ
ν

− η

s
τπT

s

T 2
σµν

(
Dσ<µν> +

1

3
θσµν

)
. (2.37)

The computation of how the entropy density and the temperature are related in
4In this thesis we use Wolfram’s Mathematica version 10
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strongly coupled N = 4 SYM is [10] (we also derive this equation in Chapter 5)

s =
N2
c π

2

2
T 3 , (2.38)

and we set Nc = 3. The results are displayed in Fig. 2.1. As in the Navier-Stokes theory,
it is not possible to properly define the temperature at early times. The Navier-Stokes
theory has temperature equals to zero at time τ = 2

√
2τ0

(2η/s+3T0τ0)3/2
(η/s)3/2. In the second

order gradient expansion theory we are solving, with initial condition T (τ0 = 1) = 1.2

and coefficients (2.35), the numerical integration stopped at τ = 0.134. In NS under the
same conditions, the temperature becomes zero at τ = 0.0087.
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Figure 2.1: Comparison between the solutions for the temperature in the three different hydro-
dynamic theories, ideal, Navier-Stokes and second order constructed via gradient expansion, all
using the holographic values of N = 4 SYM transport coefficients. In the second figure we plot
the non-equilibrium entropy production for the second order theory. Both the temperature and the
non-equilibrium entropy production are not well-defined at early times.

We may also compare the predictions of the exact Bjorken solution for theories de-
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rived within kinetic theory, for instance considering a hard sphere interaction microscopic
model [28–30]. It is not expected that these transport coefficients describe the strongly
coupled QGP regime, but nonetheless it is interesting to understand the scope of such
viscous solutions in more viscous scenarios, also because it shows good agreement with
the hadronic gas phase. For such, we adopt the coefficients

η

s
= 1 , τπT = 5

η

s
,

λ1T

s
=

5

7
(τπT )

η

s
. (2.39)

For the kinetic theory transport coefficients, we also use the equation of state of an
ideal gas of massless NF flavors of quarks and gluons

ε = 3

[
2
(
n2
C − 1

)
+

7

2
nCNF

]
π2

90
T 4 ,

where nC = 3 and NF = 2.5.
We repeat the calculations for the temperature and non-equilibrium entropy for the

kinetic theory-inspired transport coefficients in Fig. 2.2.
The second order gradient expansion theory did not eliminate the inconsistencies from

Navier-Stokes theory. On the contrary, the second order theory violates the second law of
thermodynamics in a larger range of proper time.

2.2.3 Israel-Stewart and Bjorken Flow

We now investigate the behavior of IS theory (2.17) undergoing Bjorken flow. The
dissipative tensor πµν is symmetric, traceless and orthogonal to the four-velocity. Its co-
moving derivative is

Dπµν = uλ∇λπµν = uλ
(
∂λπµν − Γαµλπαν − Γανλπµα

)
, (2.40)

in analogy to the shear tensor. It is straightforward to show that the contribution πξξ

can be taken as the only independent variable to Eq. (2.17) (tracelessness and symmetries
of transverse plane) undergoing Bjorken flow. We have then

Dπ<ξξ> +
4

3
πξξθ =

∂τπ
ξ
ξ

τ 2
+

4

3

πξξ
τ 3
. (2.41)

The quadratic term with coefficient λ1 can be written as

π<ξλ σξλ> =
1

2
σξξπξξ . (2.42)
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We define the following quantity, f ≡ πξξ/sT , which is an interesting quantity as it is
conformal invariant, which is going to be manifestly important in the discussion of the
Gubser Flow. Therefore, Eq.(2.17) and the energy equation Eq. (2.20) together for the
Bjorken flow have the following structure,

∂τT +
1

3

T

τ
+
fT

3τ
= 0 , (2.43)

(τπT )

[
∂τf −

4

3

f 2

τ

]
+ fT = −4

3

η

s

1

τ
− 2

3

λ1T

s

1

η/s

f

τ
. (2.44)

The main noticeable difference between the second order gradient expansion and Israel-
Stewart theory is that now there are two coupled differential equations to solve. We follow
the same idea as before, using simple numerical routines to determine solutions with given
initial conditions to T and f . The early time complications of the Navier-Stokes and second
order gradient expansion theories are eliminated in an interesting way here, through the
choice of the initial condition of the dissipative variable f . One should be careful and
integrate from small τ for a small choice of initial f . This procedure is necessary in order
to assure the smallness of the dissipative quantity even at early times. A similar approach
will be needed when we discuss the Israel-Stewart solutions of Gubser Flow. However,
notice the advantage over the gradient expansion method: It is possible to find consistent
solutions that respect the second law of thermodynamics at all times.

Next, we discuss entropy production in the Gubser flow regime. First of all, it is im-
portant to note that in Israel-Stewart theory the thermodynamic entropy, obtained from
the equation of state, i.e., s (T ) = (ε + P )/T , does not satisfy the second law of ther-
modynamics. As a matter of fact, Israel-Stewart theory is (phenomenologically) derived
by generalizing the thermodynamic entropy so that the second law of thermodynamics is
satisfied [49, 50] while, simultaneously, the fluid-dynamical equations of motion are causal
and linearly stable (Chapter 4). In this approach, the entropy density and current can only
be obtained approximately, up to a certain order in powers of the shear-stress tensor (and
other dissipative currents, if they are present). Up to second order in πµν , the generalized
entropy current reads [49, 50],

Sµ = suµ − τπ
4ηT

uµπαβπ
αβ +O (3) , (2.45)

where O (3) denotes terms of third order in the dissipative currents. The nonequilibrium
entropy density is then (−uµSµ)

sneq = s− τπ
4ηT

παβπαβ +O(3) . (2.46)
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Note that here we did not consider contributions that arise from bulk viscous pressure
and heat flow. The complete expansion can be found in, e.g. Ref. [50]. In contrast to Navier-
Stokes theory, the entropy production in Israel-Stewart theory is not linearly proportional
to the shear viscosity coefficient.

Using the fluid-dynamical equations described in the previous sections, Eqs. (2.8),
and (2.17), one can show that, up to fourth order in powers of the shear-stress tensor, the
entropy production is a positive definite quadratic function of the dissipative currents,

∇µS
µ =

1

2ηT
πµνπ

µν − 25

12T (ε+ P )2παβπ
αβπµνσ

µν =
1

2ηT
πµνπ

µν +O (4) . (2.47)

This is only true since the temperature and shear viscosity are positive definite quantities
(as already discussed, negative temperatures do not appear in solutions of Israel-Stewart
theory). When fluid dynamics breaks down, the O (4) term in the equation above is not
necessarily negligible and the entropy production is no longer guaranteed to be positive.

An example of a “good” initial condition and a consistent non-equilibrium entropy can
be found in in Fig. 2.3. If one chooses the initial condition at τ = 1 fm of the dissipative
tensor to be zero with the same initial temperature, then there would be violation of the
second law of thermodynamics. We show this behavior in Fig. 2.4. Therefore, it seems that
a consistent behavior of Israel-Stewart theory is dependent on what the initial condition
of the dissipative tensor is. In Fig. 2.3, the requirement is that for small proper times the
dissipative variable f must remain small. The difference in a gradient expansion theory
is that there is no freedom to accomplish that since the dissipation is determined solely
by the initial condition on the four-velocity.

For completeness, we also plot the results of the Israel-Stewart theory with coeffi-
cients derived from Boltzmann equation in Fig. 2.5. Once more, depending on the initial
condition for f , one gets negative sneq.

It is important to state that we do not expect that hydrodynamics should be an
appropriate physical description at small τ (which implies large gradients θ = 1/τ).
However, it is very convenient that the hydrodynamic theory is mathematically well-
behaved in such regime since many numerical schemes depend on it for stability.

2.3 General considerations about Gubser Flow

Bjorken symmetry was an important analytical and semi-analytic tool to understand
the regime of applicability of dissipative relativistic hydrodynamics. In this section we
review the derivation of the Gubser flow [51, 52], which is a generalization of Bjorken
symmetry, but includes the special conformal symmetry instead of translation invariance
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in the transverse plane. The advantage is that the solution depends on both the trans-
verse plane radius r and the proper-time τ , although symmetry constraints only a special
combination of both. Since we showed that the equations of conformal hydrodynamics
are Weyl invariant (Appendix B), in this approach one performs a conformal transforma-
tion to make the symmetry manifest, which includes solving for a static fluid in curved
spacetime, dS3 ⊗R [52]. The immediate advantage of this solution is that it is both time
evolving and radially expanding, which is not only more realistic to approximate heavy
ion collisions, but it can also be illuminating to reveal the structure of different dissipative
theories of hydrodynamics.

The symmetry assumptions of the Gubser flow include the following: Boost invariance
SO(1, 1) between the collision direction and the time coordinate, Z2 parity symmetry
under the exchange of rapidity, rotational symmetry on the transverse plane SO(2), which
are all similar to Bjorken, and finally SCT in the radial direction, characterized by an
energy scale q. This is a subgroup of the bigger conformal group in 4 dimensions, SO(4, 2).
The additional SCT satisfies a conformal Killing vector condition, which for a conformal
symmetry ψi reads

Lψgµν =
1

2
(∇λψ

λ)gµν . (2.48)

Therefore, the condition for the flow to be symmetric for the conformal symmetry
should be

Lψuµ = −w
4

(∇λψ
λ)uµ = −1

4
(∇λψ

λ)uµ , (2.49)

where w is the conformal weight (Appendix B).
Under these symmetries the flow is then boost invariant and radially symmetric, i.e.,

T = T (τ, r) and πµν = πµν(τ, r). We note that these conditions are approximately met
near mid-rapidity in ultra-central collisions at the LHC, recently measured by the AT-
LAS and CMS Collaborations [7], [8]. In order to obtain analytical solutions, we will
follow [51] and further assume that the conformal fluid flow is actually invariant under
SO(3)⊗ SO(1, 1)⊗ Z2. The SO(3) piece is a subgroup of the SO(4, 2) conformal group
(Appendix A) which describes the symmetry of the solution under rotations around the
beam axis and two operations constructed using special conformal transformations that
replace translation invariance in the transverse plane. For more details regarding the gen-
erators of the SO(3) symmetry group of this solution, see Ref. [51]. In this case, the
dynamical variables depend on τ and r through the dimensionless combination [51, 52]

ρ = sinh−1

(
−1− τ̃ 2 + r̃2

2τ̃

)
, (2.50)
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where τ̃ ≡ qτ and r̃ = qr. Without loss of generality, we set q = 1 fm−1 when
solving the fluid-dynamical equations. Furthermore, the flow is completely determined by
symmetry constraints to be [51, 52]

uτ = − cosh

[
tanh−1

(
2τ̃ r̃

1 + τ̃ 2 + r̃2

)]
,

ur = sinh

[
tanh−1

(
2τ̃ r̃

1 + τ̃ 2 + r̃2

)]
,

uφ = uξ = 0 . (2.51)

The exact form for this flow can be obtained exactly by solving the appropriate equa-
tions for the Lie derivatives in the Killing vector equations for each symmetry. This defines
the Gubser flow. Since the flow is known (2.51), the relativistic Euler equation (2.20) is
automatically satisfied and, thus, only the equations for the temperature and the shear-
stress tensor for the appropriate dissipative theory need to be solved.

In order to solve the remaining equations, it is convenient to go to a different coordinate
system in which the flow velocity is zero. In order to do so, one needs to first find a
metric conformally connected to the Minkowski spacetime (or at least the future-wedge),
and then finally find a coordinate system in which the symmetries of the Gubser flow
are manifest. For this purpose, one must first perform a Weyl rescaling of the metric,
ds2 → dŝ2 ≡ ds2/τ 2, which is the metric in dS3 ⊗ R, with dS3 corresponding to the
3-dimensional de Sitter space. We show in Appendix B that the hydrodynamics theories
under consideration are conformal invariants. Therefore, the map between quantities on
each spacetime is determined solely by the conformal weight. One can implement the
coordinate transformation introduced in [52]

sinh ρ = −1− τ̃ 2 + r̃2

2τ̃
, tan θ =

2r̃

1 + τ̃ 2 − r̃2
, (2.52)

which takes dŝ2 to

dŝ2 = −dρ2 + cosh2 ρ dθ2 + cosh2 ρ sin2 θ dφ2 + dξ2 . (2.53)

We explore basic geometric properties of de Sitter space in Appendix C. Notice that
the symmetries are manifest: there is a rotational symmetry on the parameters θ and φ,
although these are not the usual angles in spherical coordinates to represent the sphere,
instead they parametrize the de-Sitter spacetime. Boost invariance and parity symmetry
of the rapidity ensures that the solution should depend only on ρ in this spacetime.

In this coordinate system the fluid is at rest and, even though spacetime is curved
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dS3⊗R. Consequently, the equations of motion for ε and πµν considerably simplify, making
it possible to find analytical and semi-analytical solutions of several dissipative theories.
However, the complicated systems of partial differential equations now are reduced to
solving ordinary differential equations, which are much simpler in practical terms.

In the following, we denote all fluid-dynamical variables in this new coordinate system
with a hat. As mentioned, such generalized de Sitter coordinate is extremely convenient
since it leads to a static velocity profile, i.e., ûµ = (−1, 0, 0, 0). As already mentioned, the
fields are only functions of ρ, i.e, T̂ = T̂ (ρ) and π̂µν = π̂µν(ρ). Because of the metric rescal-
ing and the coordinate transformation xµ = (τ, r, φ, ξ)→ x̂µ(ρ, θ, φ, ξ), the dimensionless
dynamical variables in dS3 ⊗ R are related to those in Milne as follows

uµ(τ, r) = τ
∂x̂ν

∂xµ
ûν , (2.54)

T (τ, r) =
T̂

τ
, (2.55)

πµν(τ, r) =
1

τ 2

∂x̂α

∂xµ
∂x̂β

∂xν
π̂αβ . (2.56)

These conditions are direct consequences of the conformal weight discussed in Ap-
pendix B, of how hydrodynamics variables scale under Weyl transformations (see also
[52]). This is crucial since in the end one of the goals is to study the results to appro-
priate Milner coordinates in Minkowski spacetime. We present the exact mapping for
convenience if one is interested in using such solutions.

For instance, since πµν → Ω2πµν under Weyl rescaling gµν → Ω−2 gµν with Ω = τ ,
there is a factor of 1/τ 2 in (2.56). Given the dictionary between the fields in the different
spaces shown above, one can solve the equations (2.16), (2.17) and (2.20) in dS3 ⊗ R

where the fluid is static and the fields are homogeneous (i.e., they only depend on the de
Sitter time coordinate ρ) and plug in the solutions to find the fields in the standard flat
space-time. This is the general strategy that we shall follow below to find solutions for
the viscous relativistic fluid defined above.

We emphasize that the Gubser flow solution described so far does assume symmetries
that are not strictly present in realistic ultracentral heavy ion collisions, such as conformal
symmetry. Despite this fact, it can still be useful to understand the solutions of relativistic
fluid dynamics on a qualitative level and also, as will be shown in this thesis, to test
numerical simulations of relativistic fluid dynamics in a setting similar to that created in
a heavy ion collision.
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2.3.1 Ideal and Navier-Stokes for Gubser Flow

First, it is of interest to solve simpler scenarios involving Gubser flow. These studies
were originally performed in Ref. [52].

The expansion rate in this curved spacetime is

θ̂ =
∂µ (
√
−g ûµ)√
−g

= 2 tanh(ρ) . (2.57)

For ideal hydrodynamics, the relevant equation (2.20) is simply

∂ρT̂ +
θ̂

3
T̂ = 0 . (2.58)

The analytical solution is the one found in [51, 52]

T̂ideal(ρ) =
T̂0

cosh2/3 ρ
, (2.59)

where T̂0 ≡ T̂ideal(0) is a positive constant (so then T̂ideal is positive-definite). Using the
dictionary in (2.55), we see that the temperature in the original Milne is given by

Tideal(τ, r) =
T̂0(2qτ)2/3

τ [1 + 2q2(τ 2 + r2) + q4(τ 2 − r2)2]1/3
, (2.60)

and, at the time τ0 = 1/q, one finds Tideal(τ0, 0) = T̂0 q.
For Navier-Stokes theory, we need to calculate the shear tensor in this spacetime.

Though this is a straightforward calculation, we outline the elements here for complete-
ness. The non-zero Christoffel symbols are

Γρθθ = coshρ sinhρ Γρφφ = sin2θ coshρ sinhρ ,

Γθρθ = Γθθρ = tanhρ Γθφφ = − sinθ cosθ ,

Γφρφ = Γφφρ = tanhρ Γφθφ = Γφφθ =
1

tanhρ
, (2.61)

and the shear tensor is σ̂µν = ∆̂µναβ∇αûβ = Γρµν − ∆̂µν θ̂/3. The non-zero terms of the
shear tensor are then

σ̂ξξ = −2 tanh ρ/3 , σ̂θθ = σ̂φφ = tanh ρ/3 . (2.62)

Once more, there is only one independent component of the shear tensor, which we
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take to be σ̂ξξ . The dissipative tensor in Navier-Stokes is not a dynamical variable, and
the only differential equation left to be solved is the energy conservation equation

d

dρ
T̂ +

2

3
T̂ tanh ρ =

4

9

η

s
(tanh ρ)2 .
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where 2F1 is a hypergeometric function. From the equation of motion, the condition
limρ→±∞ T̂

′
NS(ρ) = 0 shows that limρ→±∞ T̂NS(ρ) = ±2η/3s [51, 52]. In this case, once

η/s 6= 0, for any given τ there is always a value of r beyond which the temperature
switches sign and becomes negative (which is very different than the ideal case in which
limρ→±∞ T̂ideal = 0). This effect may be connected with the well-known causality issue
(see, for instance, [58, 74]) of the relativistic Navier-Stokes equations. We shall see below
that once the relaxation time coefficient is taken into account one can find a solution
where T̂ is positive-definite and limρ→−∞ T̂ (ρ) = 0. We show these results in Fig. 2.6.

2.3.2 Gubser flow and the gradient expansion

The Navier-Stokes theory contained inconsistencies in the Gubser Flow. In this section,
we derive the Gubser flow equation for the second order gradient expansion theory [52],
and show that the theory only exists in a limited range of ρ and seems to violate the second
law of thermodynamics. Therefore, a second order correction by itself is not sufficient to
improve the consistency of NS in the Gubser Flow at negative large values of ρ, in analogy
to the result we found in the Bjorken case.

It is a straightforward exercise to calculate the comoving derivative of the shear ten-
sor with the Christoffel symbols and the non-zero shear tensors Eqs. (2.61) and (2.62).
Therefore, the dissipative contribution f , derived from Eq. (2.16), is
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Since the dissipative contribution is not an independent dynamical degree of freedom,
there is only one differential equation, which is the energy conservation
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The asymptotic behavior of this differential equation is problematic. Suppose we solve
for the temperature, when its derivative is very small and the tanhρ is close to unity.
Solving this equation we find the following dependence on the asymptotic temperature

Tf (ρ±∞) =
1

3

(
η

s
±
√(η

s

)2

+ 4
λ1T

s
− 4

η

s
τπT

)
. (2.66)

Notice that not only it is possible to find negative values, but also imaginary! For
instance, using the values of N = 4 SYM (2.35), the asymptotic values are TF ≈ 0.0265±
0.0320 i, and for kinetic theory (2.39) TF ≈ 0.333 ± 0.724 i. Both cases would lead to
instabilities in a numerical implementation, which is the reason a numerical routine can
only solve these equations in a short range. We show the result for N = 4 coefficients in
the region where the solution for T exists and is real.

2.3.3 Gubser Flow for Israel-Stewart theory (non-zero λ1)

We consider a general Israel-Stewart second order theory that undergoes the dynamics
in the Gubser flow, described by Eq. (2.17). We investigated a related solution in Ref.
[53], but in our paper we considered λ1 = 0. We discuss this solution in the next section,
as we compare the results from our paper with numerical simulations.

The procedure for calculating the differential equations is the same as before, one
needs to carefully calculate the covariant derivatives through the Chrystoffel symbols in
Eq. (2.61), and use the properties that the dissipative tensor is symmetric, traceless and
orthogonal to the four-velocity. Another assumption is that the non-diagonal differential
equations for the dissipative tensors can always be set to zero, since the off-diagonal
terms of the shear tensor are zero as well. The relevant equations of motion are just two
coupled ordinary differential equations, one for the temperature T̂ and another one for
the dissipative contribution f = π̂ξξ/ŝT̂ . They are
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where we write the dissipative transport coefficients with their dimensionless combi-
nations. We solve these differential equations in the same way as last section, we define
the inverse length q = 1 fm−1 and the initial temperature to be T = 1.2 fm−1. In Israel-
Stewart theory the dissipative tensor is an independent dynamical degree of freedom, and
thus one needs to give initial conditions. There is a rich physical consequence in the choice
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of initial conditions, and in this section we argue for it and show explicit calculations that
may help to define a initial condition choice to be “physical”. In this case, we investigate
the behavior of Eq. (2.67) for asymptotically large values of ρ. For an asymptotic value
TF of the temperature, the solutions of f are

f(ρ→ ±∞) =
2λ1 − 3TF η/ŝ ±

√
(3TF η/ŝ− 2λ1)2 + 64T̂ τπ η3/ŝ3

8T̂ τπ η/ŝ
. (2.68)

Notice that f is always a real number. One of the inconsistencies of the second or-
der gradient expansion we found before was that asymptotic values of temperature for
known transport coefficients are imaginary. The Israel-Stewart approach has the freedom
of defining a positive temperature at all ρ, and for the parameter space of consistent η, τπ
and λ1, f is always a real number. This choice of initial condition, despite not providing
a matching with Navier-Stokes at ρ = 0, seems to be the physical relevant description.
There are no inconsistencies such as negative or imaginary temperature, and the second
law of thermodynamics seems to always be preserved.

Since proper-time and radius are connected through the only degree of freedom, the
de-Sitter time ρ, it is instructive to plot our results as a function of such. In Fig. 2.8
we plot both the temperature and the dissipative term f as functions of ρ. For this plot
we numerically integrated from large values of ρ, following the asymptotic values in Eq.
(2.68). The asymptotic temperature TF was adjusted to give T̂ (0) = 1.2, which is the
initial condition we have been using.

One useful quantity to investigate is the entropy production of this dissipative theory.
We truncate the corrections of the non-equilibrium entropy of IS theory to second order
as in Eq. (2.46). The four-divergence of the non-equilibrium entropy current (2.47) is then
rewritten as
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]
+O(6) , (2.69)

where the higher corrections are beyond the dynamics of Israel-Stewart. If the right hand
side of Eq. (2.69) is always positive for every value of the coordinate ρ, then the non-
equilibrium entropy always increases, which is necessary for the second law of thermody-
namics to be valid. Throughout this section we use the value Eq. (2.2.2) for an equation
of state of massless quarks and gluons. This is exactly what is shown in Fig. 2.9, for the
“good” initial conditions integrated from asymptotic values of ρ.

It is also illustrative to show the temperature profile evolution in Milner coordinates
r and τ . We just need to perform the coordinate and Weyl transformations exemplified
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in the dictionaries Eqs. (2.55) and (2.56).
The explicit map of the dissipative tensor is a straightforward map from Eq. (2.56),

but for completeness we write here the exact maps. If one solves for the dissipative term
f , the dissipative tensor component is related as π̂ξξ = f ŝT̂ . Therefore, in the de-Sitter
spacetime, we have simply

π̂ξξ(ρ) = π̂ξξ(ρ) , π̂θθ(ρ) = − 1

2
cosh2ρ π̂ξξ(ρ) , π̂φφ(ρ, θ) = − 1

2
sin2θ cosh2ρ π̂ξξ(ρ) . (2.70)

Then, we have to do the inverse Weyl scaling and a coordinate transformation. The
components of the dissipative tensor and the temperature are then (q = 1 fm−1)
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We plot the results in the Milne coordinates in Fig. 2.10. In the next section, for the
case where λ1 = 0, we compared the semi-analytical results to full numerical simulations
perfumed by the McGill group in order to check the accuracy of such simulations, as well
as to fix some free-parameters needed to develop the numerical code. Also, for phenomeno-
logical heavy ion applications, knowing how the solution behaves in Milne coordinates is
very convenient.

It is important to check if the entropy production and the second law of thermody-
namics are consistent in the Milne space. For such, we multiply sneq with the volume
factor (r × τ) and the gamma factor uτ . If the second law of thermodynamics holds, we
expect that for large integrated values, the resulting integral should increase with time.
We checked this in two different scenarios: For Fig. 2.11(a) we calculated the effect of
increasing the integrated volume. The expected result is that once the whole relevant
space is integrated, i. e., there is no flux of entropy leaving the integrated volume, the
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second law holds. Also, we tested if the solution would not breakdown at small values of
proper time, and we found that the agreement holds in Fig. 2.11(b). The large integrated
value of radius is to ensure that this increase is a physical feature, and not a geometrical
artefact due to the finite integration range.

It is crucial that the initial conditions of the Israel-Stewart equations are consistent.
We turn our attention to the features of the semi-analytical solution if an initial condition
matching Navier-Stokes at ρ = 0, i.e., matching f(0) = 0, in addition to the usual
T̂ (0) = 1.2 is used. There seems to be a fine tuning problem with this initial condition; we
noticed that for many transport coefficients, there were unphysical results or divergences
in some regions of ρ. In order to illustrate the unphysical results even when there is a
well-defined temperature profile, we chose the shear viscosity coefficient to be η/s = 0.2,
and then τπ and λ1 with values from the Boltzmann kinetic theory calculations of (2.39).

Compare Fig. 2.13 and Fig. 2.9. The non-physical initial conditions imply a region
of ρ where the non-equilibrium entropy production is negative. On the other hand, for
asymptotic consistent initial conditions, such inconsistency is absent.

It is also interesting to investigate if the integrated non-equilibrium entropy decreases
with time. In Fig. 2.14 we show that this is exactly the situation for “bad” initial conditions.
The integrated value not only becomes smaller, it actually changes sign with increasing
proper time. Therefore, if one imposes that the dissipative tensor resembles the one from
Navier-Stokes at ρ = 0, the resulting theory is not well-defined and unphysical at early
times.

This concludes our investigation of the consistency and properties of the Israel-Stewart
second order dissipative theory undergoing Gubser flow. It is interesting how a careful
analysis of the Bjorken and Gubser solutions shed new light on the inconsistencies of the
gradient expansion approach for dissipative hydrodynamics, as well as the importance of
the initial conditions in Israel-Stewart theory. In Chapter 4, we will investigate further
this problem through the light of linear perturbations around equilibrium situations.

We show the results of our original motivation in the next section, i.e., how one can test
the accuracy of numerical hydrodynamic codes using our analytical and semi-analytical
solutions.

2.4 Testing Fluid dynamics

In this section, we follow our Ref. [53] in order to test numerically the Gubser solution
of hydrodynamics. For simplicity, we consider only the relaxation effect (λ1 = 0) and for
the most part we compare the solutions for the initial condition, f(0) = 0. This is still a
valid approach since the solutions are only compared in regions where the second law of
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thermodynamics holds. We also present a limit of Israel-Stewart that has an analytical
solution, which we call the “cold plasma limit”, and also its comparison to numerical
simulations.

We warn the reader that we do not expect the results in this section to be appropriate
to describe realistic heavy ion collisions for the following reasons: the Gubser symmetry
is a rather restrictive symmetry, we do not consider the effects of the parameter λ1, and
most importantly because the initial condition employed for f is not valid for all space and
time. Also, the energy density is not homogeneous [4]. However, for the sake of comparing
numerical solutions and fixing free parameters in numerical codes, the previous concerns
are not important.

The equations of motion for T̂ (ρ) and π̂µν (ρ) are simply Eq. (2.67) with λ1 = 0,

d

dρ
T̂ +

2

3
T̂ tanhρ − 1

3
f tanhρ = 0 ,

τπT̂

(
d

dρ
f +

4

3
f 2 tanhρ

)
+ fT̂ =

4

3

η

ŝ
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Note that for any nonzero τ , the value of ρ decreases with r, while for a fixed r the
value of ρ increases with τ . Thus, when ρ� 0 and negative one probes regions in which
r � 1, and when ρ� 1 one has τ � 1. In this sense, we expect that physically meaningful
solutions behave as limρ→±∞ T̂ (ρ) = 0, i.e., at an infinite radius or time the temperature
should go to zero. On the other hand, given the definition of f , it is consistent to have
limρ→±∞ f(ρ) finite and nonzero (f is a ratio between two quantities that should vanish
when ρ→ ±∞). In this section we write the parametrization of the relaxation time with
respect to the shear viscosity, as follows

τπ = (η/s) × (c/T ) . (2.73)

In analogy to the discussions in the past sections, it is possible to find one qualita-
tive difference between the asymptotic solutions (limρ→±∞) of Navier-Stokes and Israel-
Stewart theories. If one imposes that limρ→±∞ T̂ (ρ) = 0 and, simultaneously, limρ→±∞ df(ρ)/dρ =

0, one can find the asymptotic solution for f(ρ), limρ→±∞ |f | =
√

1/c (note that the pa-
rameter c appeared in the definition of the relaxation time, see Eq. (2.73). Therefore, in
contrast to Navier-Stokes theory, solutions in which limρ→±∞ T̂ (ρ) = 0 are possible in
Israel-Stewart and do happen in practice as long as τπ is nonzero.

There is a limit in which one can find analytical solutions for T̂ and f . This becomes
possible when the fluid is very viscous or when the temperature is very small, i.e., when
η/(sT̂ )� 1. In this case, called here the cold plasma limit, the term f becomes negligible
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in comparison to all the other terms in Eq. (2.72), which are all linear in η/(sT̂ ). In this
limit, one can directly solve the equation for f to find
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, (2.74)

where π̄0 is a constant and, substituting this into Eq. (2.72), we obtain
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where T̂1 is a constant. These analytical solutions are even in ρ, T̂ is positive-definite, and
limρ→±∞ T̂ (ρ) = 0 if 4c > 1. Moreover, note that as long as c > 1, f is always smaller than
1 for any value of ρ, i.e, the dissipative correction to the energy-momentum tensor is always
smaller than the ideal fluid contribution. In the next section, the analytical solutions in
Eqs. (2.74) and (2.75) will be compared to numerical solutions of fluid dynamics obtained
with music. Also, for completeness, we remark [75] found analytical solutions of a different
set of IS equations undergoing Gubser flow.

We show in Fig. 2.15 a comparison between T̂ and f computed for an ideal fluid,
Navier-Stokes theory, and Israel-Stewart theory for η/s = 0.2, which is a value in the
ballpark of that normally used in hydrodynamic simulations of the QGP in heavy ion
collisions [76], and c = 5, which is the typical value obtained from approximations of the
Boltzmann equation [28–30]. The equation of state employed is that of an ideal gas of
massless quarks and gluons, Eq. (2.2.2).

We have chosen the initial conditions for the equations such that T̂ (0) = 1.2, for all
the cases, and, for the Israel-Stewart case, f(0) = 0. We solve Eqs. (2.72) numerically
using mathematica’s NDSolve subroutine. The Israel-Stewart theory results are shown
in solid black, the Navier-Stokes results in dashed blue, and the ideal fluid result in the
dashed-dotted red curve. One can see that the Israel-Stewart solution for T̂ is positive-
definite and limρ→±∞ T̂ (ρ) = 0. Moreover, viscous effects break the parity of the solutions
with respect to ρ→ −ρ. Note that, as mentioned before, f goes to

√
1/c when ρ→ ±∞

in Israel-Stewart theory while for the Navier-Stokes solution this quantity diverges at
ρ ≈ −4.19, which is the value of ρ at which T̂NS = 0. We also checked that the analytical
limit in Eqs. (2.74) and (2.75) matches the numerical solution for η/s = 1/(4π) [10] and
c = 5 when T̂ (0) ≤ 0.001, i.e., when the temperature is extremely small.

In order to study the space-time dependence of the Israel-Stewart solutions we define
q = 1 fm−1 so that ρ = 0 corresponds to τ = 1 fm and r = 0. Therefore, in standard
hyperbolic coordinates, T (r = 0, τ 0 = 1 fm) = 1.2 fm−1 and π̄ξξ (r = 0, τ 0 = 1 fm) = 0. In
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Fig. 3.1 we show a comparison between the temperature profiles for Israel-Stewart theory
at the times τ = 1.2, 1.5, 2 fm, with η/s = 0.2, c = 5. Also, in the same figure we
show τ 2πξξ as a function of the radius for the same times. The other components of the
shear-stress tensor can be obtained using the dictionary in Eq. (2.56).

Note that the system is expanding in the transverse plane. It appears to be imploding
because of the energy flowing out in the longitudinal direction. A larger viscosity might
change this effect quantitatively, but the qualitatively features will remain the same.

In Fig. 2.17(a) we plot the generalized entropy current multiplied by τruτ as a function
of the radius, r. We multiply the entropy density by the relevant phase space factors
r × τ and by the gamma factor uτ (the factor τ is taken out from the integration in the
longitudinal direction, which should be made in τξ and not just ξ). Due to the symmetries
assumed when deriving the Gubser flow solution, s and uτ are constant in φ and ξ and,
hence, the integration in these variables is trivial. Thus, the total entropy is proportional
to the area under the curves in Fig. 2.17(a).

In Fig. 2.17(b), we further show the entropy production, Q = πµνπ
µν/(2ηT ), as a

function of the radius, for several time steps. One can see that the entropy production
in Gubser flow solutions is not very large, even though the system is far away from
the Navier-Stokes regime. In Fig. 2.17(c), we show the total entropy production of the
theory Qtotal = πµνπ

µν/(2ηT ) − 25παβπ
αβπµνσ

µν/
[
12T (ε+ P )2], Eq. (2.69), which does

not neglect the term of order 4, as is usually done in Israel-Stewart theory. We see that the
order 4 term is not necessarily small and does affect the entropy production significantly.
At late times and small values of radius, it appears as just a correction. However, at early
times and large radius, the O (4) term is large and can even drive the entropy production
term to negative values. For example, when τ = 1 fm, the entropy production becomes
negative when r & 3.5. On the other hand, at τ = 2 fm, the entropy production is always
positive between r = 0 and 5 fm. We note that, at any time, there will always be a value
of the radius for which the entropy production becomes negative. The larger the time, the
larger this value of radius will be.

Even though 1 fm of time evolution might appear to be small, in Gubser flow solutions
it is enough time for the energy density in the center of the system to decrease by a
factor 16 (and for the temperature to decrease by a factor 2). So we consider that the
time interval chosen, even though apparently small when compared to evolution times in
heavy ion collisions, is more than enough for the purposes of this thesis. Note that such
rapid expansion is a feature of conformal symmetry and may not be present in realistic
simulations of heavy ion collisions. For this reason, we do not think that additional time
steps are needed. For the comparison with numerical simulations, performed in the next
sections, running additional time steps would be numerically (extremely) expensive and
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the addition of such plots would not change the conclusions shown here.

2.4.1 Numerical Comparison

While there are analytical and semi-analytical solutions of relativistic ideal fluid dy-
namics [63, 77–79], the same is not the case for Israel-Stewart theory. This makes test-
ing numerical algorithms that solve the equations of relativistic fluid dynamics rather
problematic. Procedures such as fixing the numerical viscosity, choosing appropriate pa-
rameters for flux limiters, etc, which strongly rely on trial and error, become then highly
nontrivial. Furthermore, most algorithms used to numerically solve the equations of Israel-
Stewart theory were not developed for this purpose: they were developed to solve conser-
vation laws or even Navier-Stokes theory, usually in the non-relativistic limit. In practice,
most simulation codes used in heavy ion collisions have to adapt such algorithms to also
solve Israel-Stewart theory. In this sense, the set of parameters that were found optimal
to solve certain problems in the non-relativistic regime, such as the Riemann problem
[80–82], might not be optimal to solve Israel-Stewart theory in the conditions produced
in heavy ion collisions.

In this section, we compare numerical solutions of dissipative fluid dynamics ob-
tained via the Kurganov-Tadmor (KT) algorithm [83, 84] using music [64–66], with semi-
analytical solutions of (conformal) Israel-Stewart theory in the Gubser flow scenario. We
show how this can be used to probe not only the quality and accuracy of the dynamical
simulation but also to find the optimal value for some of the (numerical) parameters that
exist in the algorithm. The numerical hydrodynamics results were done by the McGill
group as part of our collaboration in our paper [53]. We include these results in this thesis
as an evidence of the potential uses of the solutions of IS Gubser Flow for the heavy ion
community.

In the standard version of music, the evolution equations that are solved are already
those listed in Eqs. (2.8), and (2.17). Therefore, the solutions calculated with music can
already be compared with those of Gubser flow obtained in the previous section.

The numerical implementation is very similar to the one discussed in the last section,
for instance the initial temperature is T̂ (0) = 1.2 fm−1. The shear-stress tensor at ρ = 0

is initialized to be πµν = 0. The viscosity in music is set to η/s = 0.2 while the relaxation
time is fixed to τπ = 5η/(ε+ P ), i.e., c = 5. This parametrization for the relaxation time
guarantees that the fluid dynamical evolution is causal [74]. The time step and grid spacing
used in the numerical simulation are δτ = 0.005 fm and δx = δy = 0.05 fm, respectively
(δτ , δx, and δy are small enough to achieve the continuum limit). We remark that in
Gubser flow the values of the transport coefficients actually affect the initial condition of
the fluid, since in this scheme the initial condition in hyperbolic coordinates must also be
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constructed by actually solving the fluid-dynamical equations in the generalized de Sitter
space.

Note that music was originally designed to solve Israel-Stewart theory in 3+1–dimensions,
while the Gubser flow solution assumes boost invariance (and radial symmetry in the
transverse plane). In a numerical simulation in 3+1–dimensions, boost invariance can be
trivially obtained by providing an initial condition that is also boost invariant. In this
situation, the solutions of fluid dynamics should maintain exact boost invariance, remain-
ing trivial in the longitudinal direction. We checked that this does occur in the solutions
obtained with music: the temperature and πµν profiles remain (exactly) constant in the
ξ–direction (e.g., πξx, πxξ, πξy, πyξ are exactly zero) while the longitudinal component of
the velocity field is exactly zero. This is only not the case at the boundary of the grid
where boost invariance is not exactly maintained due to finite size effects.

2.4.2 Comparison to semi-analytical solution

In the following we compare the numerical solutions of music with the semi-analytical
solutions of Israel-Stewart theory. Figures 2.18 and 2.19 show the spatial profiles of tem-
perature, T , velocity, ux, and the ξξ, yy, and xy components of the shear-stress tensor,
πξξ, πyy, and πxy, respectively. Without loss of generality, T , ux, πξξ, πyy are shown as
a function of x in the y = 0 axis, while the πxy profile is shown as a function of x in
the x = y direction. The component πxy vanishes on the x,y–axis, which we verified also
happens in music. Note that all the other components of πµν can be obtained from the 3

components displayed, i.e., πξξ, πyy, and πxy.
One can see that the agreement between the numerical simulation and the semi-

analytical solutions is very good. Only the xy component of the shear-stress tensor dis-
played some oscillation at late times. However, since this component is small, this oscil-
lation is not enough to spoil the overall agreement.

We remark that such good agreement could only be obtained by adjusting the flux lim-
iter used in the KT algorithm. Flux limiters are employed in MUSCL scheme algorithms,
such as the KT algorithm, to control artificial oscillations that usually occur when using
higher order discretization schemes for spatial derivatives. Such spurious oscillations are
known to appear when resolving shock problems, solutions with discontinuities in density
profiles or velocity field, or even when describing systems which display high gradients,
such as the system created in relativistic heavy ion collisions. Since dissipative effects
originate mainly from space-like gradients of the velocity field, flux limiters are essential
in order to obtain a precise numerical solution of dissipative fluid dynamics.

Currently, there are several flux limiter algorithms available and many others still
being developed. In music, the van Leer minmod filter is used [64–66]. In this case, the
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gradients of currents and fluxes are controlled according to a free parameter χ, which may
vary from χ = 1 (most dissipative) to χ = 2 (least dissipative). The optimal value of χ
can vary case by case and is usually fixed by trial and error; in previous work, music

was run with χ = 1.1. However, the agreement displayed in Figs. 2.18 and 2.19 is only
obtained by choosing a larger value, χ = 1.8, corresponding to the less diffusive case. The
solutions of the temperature and velocity fields are not very sensitive to changes in the
flux limiter scheme. On the other hand, the solutions of the shear-stress tensor do depend
on the choice of this numerical parameter. In Fig. 2.20 we show the numerical solutions of
music obtained with χ = 1.1 (open circles) for the xx and yy components of the shear-
stress tensor, which are the components most sensitive to this parameter. These solutions
are compared with those of χ = 1.8 (full circles) and the semi-analytical solutions (solid
line). One can see that when χ = 1.1 the agreement becomes worse, demonstrating the
usefulness of the semi-analytic solution found in this paper in testing the algorithm. It
should be noted that, if a flux limiter is not employed at all, it is not possible to properly
describe the Gubser flow solutions of Israel-Stewart theory.
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Figure 2.2: Comparison between the solutions for the temperature in the three different hydrody-
namic theories, ideal, Navier-Stokes and second order constructed via gradient expansion, all us-
ing the kinetic theory values of massless ideal gas. In the second figure we plot the non-equilibrium
entropy production for the second order theory. Both the temperature and the non-equilibrium en-
tropy are not well-defined at early times.
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Figure 2.3: Comparison between the solutions for the temperature in the three different hy-
drodynamic theories, ideal, second order gradient expansion and Israel-Stewart, all using the
holographic values of N = 4 SYM transport coefficients. In the second figure we plot the non-
equilibrium entropy production for Israel-Stewart theory. The initial conditions are T (1) =
1.2 fm−1 and f(1) = −0.082.
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Figure 2.4: Comparison between the solutions for the temperature in the three different hy-
drodynamic theories, ideal, second order gradient expansion and Israel-Stewart, all using the
holographic values of N = 4 SYM transport coefficients. In the second figure we plot the non-
equilibrium entropy for Israel-Stewart theory. The initial conditions are T (1) = 1.2 fm−1 and
f(1) = −4η/s

3T (τ0)τ0
= −4η/s

3×1.2 , which is the Navier-Stokes value of the dissipative tensor at τ = 1.
Notice the negative entropy production at early times due to “bad” initial conditions.
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Figure 2.5: Comparison between the solutions for the temperature in the three different hydro-
dynamic theories, ideal, second order gradient expansion and Israel-Stewart, all using the coef-
ficients from kinetic theory. In the second figure we plot the non-equilibrium entropy production
for Israel-Stewart. The initial conditions are T (1) = 1.2 fm−1 and f(1) = −0.112. Notice that
the solution is well-behaved, in contrast to Fig. 2.2.
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Figure 2.6: Comparison between ideal and Navier-Stokes theories in Gubser flow, in de-Sitter
time, N=4 SYM transport coefficients. Notice the negative temperature regime for NS at large
negative ρ. The red solid line delimitates negative and positive temperatures.
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Figure 2.7: The second order gradient expansion theory, in de-Sitter time, N=4 SYM transport
coefficients. The solution is unstable and unphysical in other regions of ρ, therefore the limited
plot range.
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Figure 2.8: Gubser flow for Israel-Stewart theory, N=4 SYM transport coefficients. Initial con-
ditions were such that the asymptotic behavior (2.68) was obtained, and T̂ (0) = 1.2. T̂ (−20) ≈
3.305 × 10−6 and f(−20) ≈ 0.839.
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Figure 2.9: Entropy production in Israel-Stewart theory, see the right hand side of Eq. (2.69).
This is the “good” set of initial conditions, integrated from an asymptotic large value of ρ, using
N = 4 SYM transport coefficients. Notice that this is always positive quantity, which respects the
second law of thermodynamics for any ρ.
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Figure 2.10: Gubser flow in Milne coordinates for Israel-Stewart theory, with N=4 SYM trans-
port coefficients. This solution has“good” set of initial conditions, integrated from an asymptotic
large value of ρ
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Figure 2.11: Normalized entropy production for N = 4 SYM, with consistent asymptotic initial
conditions. Fig. 2.11(a) investigates the influence of a limited volume integral, and it saturates
once the whole space is taken under consideration. Fig. 2.11(b) illustrates consistency with the
second law of thermodynamics for short proper time.
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Figure 2.12: Gubser flow for Israel-Stewart theory with kinetic theory transport coefficients
(2.39) with η/s = 0.2. Initial conditions were T̂ (0) = 1.2 and f̂(0) = 0.
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Figure 2.13: Entropy production in IS theory with kinetic theory transport coefficients (2.39)
with η/s = 0.2. Notice the region where it becomes a negative quantity, which is a unphysical
behavior due to the bad initial condition for the dissipative factor f.
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Figure 2.14: Integrated non-equilibrium entropy with kinetic theory transport coefficients (2.39)
with η/s = 0.2. Notice that it decreases with time, and even becomes negative for short proper
time.
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(a)

(b)

Figure 2.15: Comparison between the solutions for T̂ and π̄ξξ for η/s = 0.2, c = 5, T̂ (0) = 1.2
and f(0) = 0 found using different versions of the relativistic fluid equations. The solid black
lines denote solutions of Israel-Stewart theory, results from relativistic Navier-Stokes theory are
in dashed blue, while the dashed-dotted red curves correspond to the ideal fluid case. We recall
that π̄ξξ is equivalent to f in our notation.
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(a)

(b)

Figure 2.16: Temperature and τ2πξξ profiles in Israel-Stewart theory for τ = 1.2 fm (solid black
curves), τ = 1.5 fm (dashed blue curves), and τ = 2 fm (dashed-dotted red curves) with q = 1
fm−1, η/s = 0.2, c = 5, T̂ (0) = 1.2 and f(0) = 0.
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(a)

(b)

(c)

Figure 2.17: τruτsneq, entropy production up to second order, Q, and total entropy production,
Qtotal, profiles as a function of the radius in Israel-Stewart theory for τ = 1 fm (solid black
curves), τ = 1.5 fm (dashed blue curves), and τ = 2 fm (dashed-dotted red curves) .
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(a)

(b)

Figure 2.18: Comparison between the solutions for temperature (left panel) and the x–component
of the 4-velocity (right panel) from Gubser flow and music (numerical), as a function of x. In
this plot η/s = 0.2 and τπT = 5η/s. The solid lines denote the semi-analytic solution while the
points denote solutions obtained from music.
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(a)

(b)

(c)

Figure 2.19: Comparison between the solutions for the ξξ (left panel), yy (right panel), and xy
(lower panel) components of the shear-stress tensor from Gubser flow and music (numerical), as
a function of x. In this plot η/s = 0.2 and τπT = 5η/s. The solid lines denote the semi-analytic
solution while the points denote solutions obtained from music.
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(a)

(b)

Figure 2.20: Numerical solutions of music obtained with χ = 1.1 (open circles) for the xx (left
panel) and yy (right panel) components of the shear-stress tensor. The full circles correspond to
the solutions obtained with χ = 1.8 and the solid lines correspond to the semi-analytic solution.

Figures 2.21(a) and 2.21(b) show the total equilibrium and nonequilibrium entropy
(integrated from r =0 to r =5 fm) as a function of time. The entropy is normalized so
that its value at τ = 1 fm is equal to 1. The solid (red) line corresponds to the total entropy
of the semi-analytical solution, while the circles correspond to the total entropy obtained
from our numerical solution. We also included the dashed (blue) and dash-dotted (green)
lines in Fig. 2.21(b), which corresponds to the total nonequilibrium entropy integrated
over larger volumes, r =0 to r =7.5 fm, and r =0 to r =12 fm, respectively. As one
can see, the agreement between the total entropy obtained from the numerical solution
and the semi-analytic solution is very good, indicating a negligible amount of numerical
entropy production in the simulation. As already mentioned, the equilibrium entropy does
not satisfy the second law of thermodynamics, so it does not have to increase with time.
On the other hand, the nonequilibrium entropy is expected to increase with time as long
as the O (4) term in Eq. (2.47) remains small. As shown in the previous section, the
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overall entropy produced between r = 0–5 fm is positive in the semi-analytical solution,
at least for times larger than τ = 1 fm. Note that we do not integrate the nonequilibrium
entropy density over an infinite volume so, at some point, the integrated nonequilibrium
entropy will start to decrease due to the amount of entropy that is leaving the box. This
happens for both numerical and semi-analytical solutions around τ = 2 fm. Nevertheless,
the agreement between the numerical simulation and the semi-analytical solution remains
very good even at these stages.
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(a)

(b)

Figure 2.21: Comparison between the solutions for the total equilibrium entropy (left panel)
and total nonequilibrium entropy (right panel) from Gubser flow and music (numerical), as a
function of τ . In both plots the total entropy is obtained by integrating corresponding entropy
density from r =0 to r =5 fm. The solid lines denote the semi-analytic solution while the points
denote solutions obtained from music. On the right panel, we also show the total nonequilibrium
entropy obtained by integrating from r =0 to r =7.5 fm (dashed line) and r =0 to r =12 fm
(dashed-dotted line).

2.4.3 Comparison to analytical solution

In the previous section, we showed that an analytical solution for Israel-Stewart the-
ory can be found in the limit of extremely large viscosity or, equivalently, of extremely
small temperatures (cold plasma limit). Note that this analytical solution is no longer an
approximation if the term πµν is removed from Israel-Stewart theory. That is, if one solves
the equation,

τR
sT

(
∆µ
α∆ν

βDτπ
αβ +

4

3
πµν∇αu

α

)
= −2η

s

σµν

T
, (2.76)



2.4 TESTING FLUID DYNAMICS 58

instead of Eq. (2.17).
The solution of this equation no longer relaxes to Navies-Stokes theory. However,

it can still be used to test algorithms that solve relativistic fluid dynamics. The same
algorithm that solves Israel–Stewart theory should also be able to solve the above equation
of motion and this can be used as an independent and powerful test of a given numerical
approach. Furthermore, the term πµν is rather simple and does not demand much work
to be removed.

(a)

(b)

Figure 2.22: Comparison between the solutions for temperature (left panel) and the x–component
of the 4-velocity from Gubser flow and music (numerical), as a function of x. In this plot
η/s = 0.2 and τπT = 5η/s. The solid lines denote the analytic solution while the points denote
solutions obtained from music.

As already mentioned, in this case the solution of the theory in de Sitter space can be
found analytically, see Eqs. (2.75) and (2.74). We numerically solved Eqs. (2.8) and (2.76)
using music by subtracting the aforementioned term, using the same initial condition
described before. The comparison is showed in Figs. 2.22 and 2.23, which show the spatial
profiles of T , ux, πξξ, πyy, and πxy. The solid lines correspond to the analytical solutions
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while the points correspond to the numerical solutions of Eq. (2.76) obtained with music.
Note that the level of agreement is the same as before. The solutions in hyperbolic co-

ordinate even appear to be qualitatively the same, containing the same general structures
as the full solutions. However, from a practical point of view, the above solutions are very
convenient to test a code since they are already cast in the form of functions and can be
written directly into the code.

2.5 Conclusions of the chapter

We have presented the first analytical and semi-analytical solutions of a radially ex-
panding viscous conformal fluid that follows relaxation-type equations such as the Israel-
Stewart equations. The SO(3)⊗ SO(1, 1)⊗ Z2 invariant solutions for the temperature,
shear stress tensor, and flow discussed here can be used to test the existing numerical
algorithms used to solve the equations of motion of viscous relativistic fluid dynamics in
ultrarelativistic heavy ion collision applications.

We further demonstrated how the solutions derived in this thesis can be used to
optimize the numerical algorithm of a well known hydrodynamical code, fixing numerical
parameters that can only be determined by trial and error. The music simulation code was
shown to produce results that are in good agreement with the analytic and semi-analytic
solutions of Israel-Stewart theory undergoing Gubser flow.

Also, we showed how entropy production, in both Bjorken and Gubser flows, con-
straints the set of physical initial conditions for the dissipative tensor, which is a non-
trivial test of the validity of the Israel-Stewart approach in comparison to the gradient
expansion.
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(a)

(b)

(c)

Figure 2.23: Comparison between the solutions for the ξξ, yy, and xy components of the shear-
stress tensor from Gubser flow and music (numerical), as a function of x. In this plot η/s = 0.2
and τπT = 5η/s. The solid lines denote the analytic solution while the points denote solutions
obtained from music.



Chapter 3

Nonlinear Waves in second order
relativistic hydrodynamics

In this chapter we shift gears from exact solutions of hydrodynamics to focus on a
perturbative nonlinear method in 1 + 1 dimensions. We investigate how the presence of a
nonzero shear viscosity relaxation time affects wave propagation in relativistic fluids. The
majority of this chapter is based on our paper [57].

Waves in a hadronic medium may be caused, for example, by fluctuations in baryon
number or energy density. These fluctuations may be produced by inhomogeneous initial
conditions which, as pointed out in [85], are the result of quantum fluctuations in the
densities of the two colliding nuclei and also in the energy deposition mechanism. These
fluctuations and their phenomenological implications have been studied extensively [66,
86–92] because they may be responsible for the angular correlations of particle emission
observed in heavy-ion experiments. There are also hydrodynamic fluctuations [85], which
are the result of finite particle number effects in a given fluid cell. This generates local
thermal fluctuations of the energy density (and flow velocity) which propagate throughout
the fluid. Furthermore, there may be fluctuations induced by energetic partons, which
have been scattered in the initial collision of the two nuclei and propagate through the
medium, losing energy and acting as a source term for the hydrodynamical equations
[93–99]. Finally, there may be also freeze-out fluctuations, which may be caused by finite
particle number effects during and after the freeze-out of the hydrodynamically expanding
fluid.

In non-relativistic fluid dynamics the most successful theory of dissipative systems is
the Navier-Stokes (NS) theory [9, 100]. For instance, one can use this theory to investi-
gate the evolution of density perturbations in a non-relativistic hadron gas and in a non-
relativistic quark gluon plasma. Perturbations are usually studied with the linearization
formalism [67, 101], which is the simplest way to study small deviations from equilibrium

61
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to obtain wave equations, eventually featuring dissipative and relaxation terms. The prop-
agation of perturbations through a QGP has been investigated in several works with the
help of a linearized version of the hydrodynamics of perfect fluids and of viscous fluids. In
[102] the authors went beyond linearization and considered the effects of shear viscosity
on the propagation of nonlinear waves. This study was performed with the help of the
well established reductive perturbation method [54–56].

We have already showed inconsistencies in the solutions of the Navier-Stokes equation
in Chapter 2. In Chapter 4 we will review and expand the analysis of linear instabilities of
NS and higher order gradient expansion theories. As mentioned in the previous chapter,
the usual procedure to circumvent such problems is to introduce the Israel-Stewart theory
with relaxation type equations of dissipation. One of the motivations for the study outlined
in this chapter is to investigate the influence of the relaxation time transport coefficient
in solitonic behavior.

We study the propagation of nonlinear waves in relativistic fluids described by (a
simplified set of) of the second order conformal IS equations. Solutions of nonlinear equa-
tions of motion generally contain nonlinear dispersive and dissipative terms. The relative
strength of these different terms depends on microscopic properties of the system, which
manifest themselves in the transport coefficients (such as the shear viscosity coefficient,
η, and the relaxation time, τπ) and in the equation of state. Different combinations of
these terms generate Korteweg - de Vries solitons, shock waves, strongly damped waves
and so on. In principle, given the underlying microscopic theory, one can calculate the
transport coefficients and the equation of state to determine the type of waves which can
propagate in the system. However, when the underlying theory is QCD this is not an
easy task due to the strongly coupled nature of the quark-gluon plasma and one needs
to resort to phenomenological models to estimate η and τπ (the QCD equation of state
can be reliably computed on the lattice [23, 24, 103, 104]). The choice of these quantities
defines the properties of the solutions of the wave equations. Inconsistent choices may
lead to unphysical solutions and this opens the possibility of using waves to put some
additional constraints on the values of η and τπ in the QGP.

Finally, we present how to obtain a system of two coupled differential equations to
study nonlinear waves in conformal IS theory. We solve this system numerically, determin-
ing the role played by shear viscosity and its relaxation time on wave packet evolution.
One of the equations of this system is the Burgers’ equation for the first order perturba-
tion in the energy density, which does not contain relaxation effects, and it is, thus, the
same equation obtained in the NS-based approach developed in [105]. The other equation
describes the second order perturbation in the energy density, where the effects from a
nonzero relaxation time coefficient become manifest. Our results indicate the presence
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of a “soliton-like”, i.e., an approximately solitary wave solution, in IS theory despite the
dissipative and relaxation effects. Another motivation to study nonlinear perturbations is
the possibility to find an upper bound for the relaxation scale, which is not found in the
linear treatment.

Throughout this chapter and the next one we use the mostly minus flat spacetime
metric gµν = diag(+,−,−,−) and natural units.

3.1 Nonlinear wave equations in Conformal Israel-Stewart

theory

The effects from a relaxation timescale τπ have not yet been studied in the context of
nonlinear wave propagation. The RPM was used to study nonlinear waves in relativistic
and non-relativistic hydrodynamics in [102, 105–107]. Our goal in this section is to find
the nonlinear wave equation that governs the perturbation of the energy density in a hot
dissipative and causal fluid described by IS hydrodynamics.

3.1.1 Reductive Perturbation Method

We quickly review the equations of relativistic hydrodynamics when the metric signa-
ture is mostly negative. The energy-momentum tensor of a relativistic fluid is

T µν = εuµuν − p∆µν + πµν (3.1)

where as usual ε is the energy density, p is the pressure, uµ is the fluid 4-velocity
uµ = (γ, γ~v) and γ is the Lorentz factor γ = (1 − v2)−1/2 (hence, uµuµ = 1). The
connection between ε and p defines the equation of state, which will be taken to be that
of a conformal fluid, ε = 3p. The entropy density is then s = κT 3, where κ is a numer-
ical coefficient. Furthermore, the projection operator orthogonal to the fluid velocity is
given by ∆µν ≡ gµν − uµuν . The shear stress tensor πµν is a symmetric (and traceless)
tensor that is orthogonal to the flow uµπ

µν = 0 (i.e, the Landau frame [9]). Besides the
energy-momentum conservation equations ∂µT µν = 0, or in explicit form,

Dε+ (ε+ p)θ − πµν σµν = 0 (3.2)

(ε+ p)Duα −∇α
⊥ p+ ∆α

ν∂µπ
µν = 0 (3.3)
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the simplified set of the conformal IS equations [68] that defines the dynamics of the shear
stress tensor πµν used here are [53]

τπ

(
∆µ
α∆ν

βDπ
αβ +

4

3
πµνθ

)
+ πµν = 2ησµν (3.4)

With the RPM we can derive the nonlinear wave equation for perturbations in a
fluid performing the following set of operations [102, 106] (the majority of the detailed
calculation can be found in Appendix D):

(a) Rewrite Eqs. (3.2), (3.3), and (3.4) using the following dimensionless variables

ε̂(x, t) =
ε(x, t)

ε0

, v̂x(x, t) =
vx(x, t)

cs
=
√

3 vx(x, t) and π̂xx(x, t) =
πxx(x, t)

p0

(3.5)

(b) Change the coordinates in Eqs. (3.2), (3.3), and (3.4) from (x, t) to the (X, Y )

space defined by the “stretched coordinates” [54–56]

X = σ1/2 (x− cst)
L

= σ1/2 1

L

(
x− t√

3

)
and Y = σ3/2 cst

L
= σ3/2 t√

3L
(3.6)

where L is a characteristic length scale of the problem, which will be simplified in the
final expressions, and σ is a small (0 < σ < 1), dimensionless expansion parameter. We
also change the shear viscosity coefficient and the relaxation time to the (X, Y ) space in
the following way [108, 109]

η = σ1/2 η̃ and τπ = σ1/2 τ̃π . (3.7)

We refer the reader to the Appendix D for the details. While the scaling of η with σ was
known in literature [108, 109], the proposed scaling of τπ with σ used here is new and it is
the simplest choice that is consistent with the sound mode dispersion relation (discussed
in Chapter 4).

(c) Expand the variables in Eq. (3.5) around their equilibrium values

ε̂ =
ε

ε0

= 1 + σε1 + σ2ε2 + σ3ε3 + . . . (3.8)

v̂x =
vx
cs

= σv1 + σ2v2 + σ3v3 + . . . (3.9)
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and
π̂xx =

πxx

p0

= σπxx1 + σ2πxx2 + σ3πxx3 + . . . . (3.10)

After the expansions, we organize the resulting equations in powers of σ, neglecting
terms with powers greater than σ3. In the usual RPM method, only terms proportional
to σ and σ2 are kept. However, the linear hydrodynamical modes (discussed in Chapter
4) show that relaxation effects may appear only in the next order of the usual expansion,
i.e., at order k̂3. For this reason we consider the σ expansion up to O(σ3) terms to study
relaxation effects in nonlinear waves.

(d) By solving the system of algebraic equations: σ1/2{. . . } = 0, . . . , σ3{. . . } = 0

obtained in the step (c), it is possible to find the system of wave equations in the (X, Y )

space. Such system may be transformed back to the (x, t) coordinates through the stretch-
ing transformations (3.6) and (3.7) yielding the final system of nonlinear wave equations
for the perturbations in the energy density.

3.1.2 Nonlinear wave equations

The set of differential equations obtained from the RPM method is given by
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∂x̂3
ε̂1 = 0 , (3.12)

where ε̂1 ≡ σε1, ε̂2 ≡ σ2ε2 and χ ≡ 4η0/(3s0). The details of the calculations and
assumptions needed to derive these equations are presented in the Appendix D. Also,
given the solution of (29) and (30), one is also able to study the behavior of π̂xx. However,
in this thesis we shall focus on the energy density disturbance and leave a detailed study
of the shear stress tensor in this approach for future work.

We emphasize that the Burgers’ equation (3.11) for the first order energy perturbation
ε̂1 does not contain relaxation effects and, thus, it is the same both in Navier-Stokes and in
Israel-Stewart theory. This feature has lead us to consider perturbations up to third order
in energy density and fluid velocity. This provides the first equation where the relaxation
time coefficient appears: Eq. (3.12) for ε̂2.
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3.2 Numerical results and discussion

An analytical solution of the Burgers’ equation (3.11) can be obtained by the hyperbolic
tangent expansion method [102] and its variants. However, it is not possible to find a finite
solution after substituting the analytical solution for ε̂1 into (3.12) to solve it for ε̂2. We
have thus proceeded to solve (3.11) and (3.12) numerically.

3.2.1 Soliton initial profile

Several different sets of parameters and initial profiles are considered in this study.
Starting with the following typical strong coupling parameters 3χ/4 = η0/s0 = 1/(4π)

and τ̂π = [2− ln2]/(2π) [68], we show the propagation of nonlinear waves in Fig. 3.1. We
start by solving (3.11) with the following initial condition

ε̂1(x̂, 0) = A1 sech
2

(
x̂

B1

)
(3.13)

and inserting the obtained numerical solution of (3.11) into (3.12) with the initial profile
for ε̂2

ε̂2(x̂, 0) = A2 sech
2

(
x̂

B2

)
. (3.14)

The first case in Fig. 3.1 corresponds to A1 = 0.8, A2 = 0.2 and B1 = B2 = 0.5 .
The numerical solution of (3.11), (3.12), and the total energy perturbation given by (3.8),
ε̂ = 1 + ε̂1 + ε̂2, are shown in Fig. 3.1. We notice that, in spite of the dissipative and
relaxation effects, the perturbations still survive as time increases.

In Fig. 3.2 we show similar calculations as in Fig. 3.1 but now considering large vis-
cosity and relaxation time coefficients given respectively by η0/s0 = 1 and τ̂π = 5η0/s0,
which is in the ballpark of kinetic theory calculations [29, 30]. In Fig. 3.2(a) we obtain
the expected result for the Burgers’ equation with large viscosity: a strong dissipation of
the initial pulse. In Fig. 3.2(b) we also obtain the same dissipation effect but at some
intermediate time scales t̂ = 5 to t̂ = 20 there is also rarefaction. The total perturbation
does not survive for longer times and the perturbed fluid tends to recover the background
configuration ε̂ = 1 as time increases.

The calculations shown in Fig. 3.1 are repeated in Fig. 3.3 (same transport coefficients)
now with different initial conditions, i.e, larger widths B1 = B2 = 3 . Fig. 3.3 shows
an intermediate configuration between shock wave formation (wall formation) and an
approximately stable soliton propagation for the total perturbation ε̂ in 3.3(c). We note
that pulses with larger width are not only more stable but the second order effects become
more significant for larger times.
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In Fig. 3.4 we considered A1 = 0.6, A2 = 0.3, B1 = 0.7, and B2 = 0.5 for a small
viscosity η0/s0 = 1/(4π) and varied the value of the relaxation time coefficient. The values
considered were τ̂π = 0 (Navier-Stokes limit) and τ̂π = 120η0/s0 (where the relaxation
time is much more important than the shear viscosity). We only plot the perturbations
affected by relaxation: ε̂2 and consequently ε̂. We notice that the size of the perturbations
increase when one increases the relaxation coefficient. This limit is not a very plausible
choice but it is interesting to see that the resulting solutions are unstable since they
generate values of ε̂2 which are unacceptably large. If we consider that pulses originate
from inhomogeneous density profiles or quantum fluctuations, it is reasonable to assume
that the most realistic pulses could be in principle more localized in space and thus they
would suffer dissipative, nonlinear, and dispersive effects losing its localized profile.

In Eq. (3.12) the terms with η0/s0 (except for the last one) contribute to dissipation.
The last term of (3.12) introduces dispersion and involves both η0/s0 and the combination
∆3 = η0/s0−τ̂π. When τ̂π tends to zero we recover the Navier-Stokes limit, where problems
with causality and instability are expected to appear. When τ̂π becomes very large, in
principle, no problem was expected to occur. However the very large amplification of the
amplitude ε̂2 is surprising. It implies that a large amount of energy is transferred from
the medium to the wave. We see here evidence that the large value chosen for τ̂π in this
particular configuration may be unphysical. This is a interesting finding since in the linear
perturbative limit (discussed before in Section II) there were no apparent inconsistencies
associated with large values of τ̂π. The existence of an upper bound for τ̂π can only be
seen in the nonlinear perturbation theory used here. However, one may also interpret
this enhancement in the amplitude as an indication that the higher order terms that
were neglected in the expansion have become significant and must be taken into account
(the initial profile is such that the initial spatial gradients are not very small). It would
be interesting to check if this nonlinear instability can appear in the existing numerical
hydrodynamic codes.

In Fig. 3.5 for a large viscosity η0/s0 = 1 and small amplitudes and widths, given by
A1 = 0.1, A2 = 0.01 and B1 = B2 = 0.5, we compare the results for two different theories,
NS and IS. In this case τ̂π = 0 (Navier-Stokes case) and τ̂π = 5η0/s0, which is a reasonable
estimate for τ̂π for systems described by the Boltzmann equation. This figure is analogous
to Fig. 3.4, as the Israel-Stewart fluid ensures that rarefaction occurs in the tail and there
is an enhancement in the front of the pulse.

Using the same parameters as in Fig. 3.5, we summarize the effects of relaxation
considering the “soliton-like” configuration for the initial conditions: A1 = 0.6, A2 = 0.4,
B1 = B2 = 4 in Fig. 3.6. Relaxation increases the pulse amplitudes in some regions, as it
has a dispersive character. However, this behavior is different from the NS case in which
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there is an enhancement of the amplitude in the opposite direction of the pulse.
The pulse in the Israel-Stewart fluid propagates ahead of that from the Navier-Stokes

fluid. We clearly notice that IS hydrodynamics favors the wall front formation, while NS
disperses the pulse to the opposite direction of motion. This might be the most important
feature of relaxation time effects in nonlinear wave perturbation found in this thesis and
is both present for strong and weak coupling inspired parameters.

3.2.2 Gaussian initial profile

Again, we consider the strong coupling parameters 3χ/4 = η0/s0 = 1/(4π) and two
values for τ̂ . We solve (3.11) with the following gaussian initial condition

ε̂1(x̂, 0) = C1 e
−(x̂/D1)2 (3.15)

and insert the obtained numerical solution of (3.11) into (3.12) with the initial gaussian
profile for ε̂2

ε̂2(x̂, 0) = C2 e
−(x̂/D2)2 . (3.16)

The amplitudes C1, C2 and the widths D1, D2 are chosen to study some stability features.
We consider τ̂π = [2 − ln(2)]/(2π), C1 = 0.5 and C2 = 0.3 in Fig. 3.7. One can see

that by increasing the width of the initial profile from D1 = D2 = 2 to D1 = D2 = 20

guarantees stability (the gradients are significantly reduced in this case). The solution of
the Burgers equation (3.11) for ε̂1 mimics a soliton when D1 = D2 = 20.

In Fig. 3.8 we repeat the same calculation for Fig. 3.7, but considering a larger value
for the relaxation time τ̂π = 200η0/s0. In Fig. 3.8(b) with increasing width the solution
displays a soliton-like behavior when compared to Fig. 3.8(a). In Fig. 3.8(c) and Fig.
3.8(e) we show the case of small width and instabilities in the propagation of the pulse
are found. However, we clearly observe in Fig. 3.8(d) and Fig. 3.8(f) that by increasing
the width (or, equivalently, by decreasing the initial spatial gradient) one can find a stable
propagating pulse even for a large value of the relaxation time. We conclude that even
for large values of the relaxation time one can still find a stable nonlinear propagation of
the initial gaussian profile, if the initial gradients are sufficiently small, i.e., if the initial
gaussian width is small enough. Therefore, in the hydrodynamic limit we find soliton-like
solutions of the nonlinear wave equations in Israel-Stewart theory.

In all figures we notice that the numerical solutions of (3.11) and (3.12) do not diverge
for long times, i.e., they are not unstable. The nontrivial study of causality and stability
for nonlinear wave equations cannot be performed as simply as it was done in the linear
case. Such study is in progress.
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Figure 3.1: Numerical solutions for the energy density disturbances in the nonlinear regime in
Eqs. (3.11) (fig. 3.1(a)) and (3.12) (fig. 3.1(b)) for η0/s0 = 1/(4π) and τ̂π = [2− ln 2]/(2π). The
initial conditions are (3.13) and (3.14) with A1 = 0.8, A2 = 0.2 and B1 = B2 = 0.5 . The fig.
3.1(c) shows the complete energy density perturbation ε̂ = 1 + ε̂1 + ε̂2. The perturbations survive
despite the dissipative effects.

3.3 Conclusions of the Chapter

Our system of differential equations can be easily solved numerically and in certain
conditions gives “soliton-like” behavior for the initial wave packet evolution. This investi-
gation may be relevant for the understanding of nonlinear perturbations in viscous rela-
tivistic hydrodynamics. For instance, our study of the deep “Israel-Stewart limit” where
τ̂π = 120η0/s0 in Fig. 3.4 and τ̂π = 200η0/s0 in Fig. 3.8 suggest the existence of an upper
bound for τ̂π (for a given η0/s0), which marks the onset of a possible instability in the
solutions in this case that involves moderately large initial spatial gradients. While the
linearized study of wave propagation shows that τ̂π cannot be much smaller than η0/s0

(due to instabilities), our nonlinear treatment of the wave equation for the energy density
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Figure 3.2: Numerical solutions for the energy density disturbances in the nonlinear regime in
Eqs. (29) (fig. 3.2(a)) and (30) (fig. 3.2(b)) for η0/s0 = 1 and τ̂π = 5η0/s0. The initial conditions
are (3.13) and (3.14) with A1 = 0.8, A2 = 0.2 and B1 = B2 = 0.5 . The fig. 3.2(c) shows
the complete energy density perturbation. The perturbations do not survive due large dissipative
effects.

in hydrodynamics indicates that in a consistent microscopic theory τ̂π and η0/s0 must be
of comparable magnitude (this is valid, for instance, in the case of kinetic theory calcula-
tions). However, we remark that in the “rigorous" hydrodynamical limit of small spatial
gradients, when considering initial gaussian profiles with large widths, it is possible to
avoid instabilities in wave propagation, as observed in Fig. 3.8, while still maintaining
the soliton-like solution. Therefore, our nonlinear study suggests that in the case of small
spatial gradients, Israel-Stewart theory should support soliton-like wave phenomena.

For most of our investigations we found that the influence of τ̂π did not determine
the overall behavior of wave propagation in the nonlinear regime. This conclusion agrees
with previous investigations in the literature on the small effect of second order transport
coefficients in heavy ion collisions [110]. Our only exceptions were the ones that implied
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Figure 3.3: Numerical solutions for the energy density disturbances in the nonlinear regime in
Eqs. (3.11) (fig. 3.3(a)) and (3.12) (fig. 3.3(b)) for η0/s0 = 1/(4π) and τ̂π = [2 − ln 2]/(2π).
The initial conditions are (3.13) and (3.14) with A1 = 0.8, A2 = 0.2 and B1 = B2 = 3. In this
case the width of the initial pulses is 6 times larger than in Fig. 3.1. The fig. 3.3(c) shows the
complete energy density perturbation. The perturbations with these initial profiles mimic soliton
behavior.

unphysical values of relaxation time and large initial spatial gradients. This statement
suggests that in physical systems under conditions that are consistent with the hydro-
dynamic behavior (small gradients), τ̂π/(η/s) should be of order 1 and the effect of the
relaxation time on nonlinear wave propagation can be taken to be a small correction.

The differential equations (3.11) and (3.12) are nontrivial alternative approaches to in-
vestigate the nonlinear regime of wave propagation in 2nd order conformal hydrodynamics
in the Israel-Stewart approximation. However, they are still simple enough to be investi-
gated with simple numerical routines. For this particular type of study, these equations
offer a simple (though clearly limited) alternative to the full numerical hydrodynamical
equations. We hope that our work can be used both as a motivation for the search for
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Figure 3.4: Numerical solutions for the energy density disturbance in the nonlinear regime in Eq.
(30) (fig. 3.4(a) and fig. 3.4(b)) for η0/s0 = 1/(4π) and two choices of τ̂π. The initial conditions
are (3.13) and (3.14) with A1 = 0.6, A2 = 0.3, B1 = 0.7 and B2 = 0.5 . The fig. 3.4(c) and
3.4(d) shows the complete energy density perturbation. For large values of the relaxation time
coefficient, the energy perturbation ε̂2 acquires large amplitude and becomes inconsistent as a
small disturbance (note, however, that the initial gradients are large).

soliton waves in the full Israel-Stewart equations as well as a possible check of precision of
numerical hydrodynamic codes, similar to the analytical solutions found in [53, 111, 112].

It would be interesting to generalize the analysis performed here to include effects from
bulk viscosity (i.e., by dropping the underlying conformal invariance of the equations)
and different equations of state. Moreover, even though the nonlinear terms in 2nd order
hydrodynamics do not contribute to the linearized study, they may play an interesting
role in the investigation of nonlinear wave propagation in the QGP but we leave this
investigation to a future study.
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Figure 3.5: Comparison between the energy density perturbations in Navier-Stokes and Israel-
Stewart theory for η0/s0 = 1 and τ̂π = 5 η0/s0. The initial conditions are (3.13) and (3.14) with
A1 = 0.1, A2 = 0.01 and B1 = B2 = 0.5. The fig. 3.5(a) and fig. 3.5(b) show the numerical solu-
tions for Eq. (3.12) and fig. 3.5(c) and 3.5(d) are the complete energy density perturbation. The
relaxation ensures that rarefaction occurs in the tail of the pulse while there is an enhancement
in the front of the pulse.
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Figure 3.6: Comparison between the energy density perturbations in Navier-Stokes and Israel-
Stewart theory for η0/s0 = 1 and τ̂π = 5 η0/s0 for larger width of the initial pulse. The initial
conditions are (3.13) and (3.14) with A1 = 0.6, A2 = 0.4 and B1 = B2 = 4. Conformal Israel-
Stewart hydrodynamics favors the wall front formation.
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Figure 3.7: Stability is found by increasing the initial width of the initial gaussian profiles (3.15)
and (3.16) with C1 = 0.5 and C2 = 0.3 . The plots are the numerical solutions in the nonlinear
regime in Eqs. (3.11) (3.7(a) and 3.7(b)), and (3.12) (3.7(c) and 3.7(d)) for η0/s0 = 1/(4π) and
τ̂π = [2−ln 2]/(2π). In 3.7(e) and 3.7(f): the complete energy density perturbation ε̂ = 1+ε̂1+ε̂2.
The perturbations survive despite the dissipative effects.
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Figure 3.8: Stability is found by increasing the width of the initial gaussian profiles (3.15) and
(3.16) with C1 = 0.5 and C2 = 0.3, even for large values of the relaxation time. The plots are the
numerical solutions in the nonlinear regime in Eqs. (29) (3.8(a) and 3.8(b)), and (30) (3.8(c) and
3.8(d)) for η0/s0 = 1/(4π) and τ̂π = 200η0/s0. In 3.8(e) and 3.8(f): the complete perturbation.
The perturbations survive despite the dissipative effects.



Chapter 4

Breakdown of the gradient expansion
formalism under linear perturbations

Hydrodynamics is understood as the effective low-energy excitation theory of collective
behavior. In this chapter we argue that some dissipative theories are ill defined and see
clearly indications of the advantage of the Israel-Stewart [49, 50] formalism over the
gradient expansion. The majority of this chapter will appear in an upcoming paper [60],
and a small part of it is based on the fluid dynamics discussions in [38].

The idea of this chapter is to throughly investigate the structure of linear perturbations
on dissipative relativistic hydrodynamics. In the sense of effective theory, the slowest
degrees of freedom accessible in the fluid are the temperature and flow velocity and in
the gradient expansion approach the hydrodynamic equations involve only derivatives
of these quantities. It is then natural to assume that the inclusion of more and more
derivatives in the gradient expansion description of a relativistic fluid can only alter the
description of short wavelength phenomena. More specifically, consider for instance the
sound mode, ωsound(k), of a relativistic fluid. The hydrodynamic expansion corresponds
to an expansion in powers of momentum k, i.e., ωsound(k) = csk +O(k2), where cs is the
speed of sound and O(k2) denotes the dissipative contributions associated with higher
order gradients. In order to allow for meaningful applications in physical systems, the
equations of dissipative relativistic hydrodynamics should be stable at least against small
perturbations around a well defined equilibrium state and, more importantly, the inclusion
of higher order derivatives must not affect the low k properties of the fluid.

Following the seminal work of Hiscock and Lindblom [41–43], recently a few groups
have returned to the questions regarding the stability and causality properties of linear
disturbances in relativistic fluids [58, 74, 113]. While it is known that first-order relativis-
tic hydrodynamics is generically unstable [41–43], to the best of our knowledge, a similar
study has not been carried out at second and third order in gradients. Since Israel-Stewart

77
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(IS) theories are related to second order gradient expansion theories and the IS equations
can be causal and stable [41, 74], one may be tempted to conclude that the stability prob-
lems that plague relativistic NS theory are already removed at second order in gradients.

In this chapter we show that this is not true. We study the properties of linear dis-
turbances associated with shear viscosity in the sound and shear channels of a relativistic
dissipative fluid defined by a 3rd-order gradient expansion. At weak coupling such a theory
could be derived, for instance, by implementing the relativistic version of the Chapman-
Enskog program [114] while at strong coupling one may employ the fluid/gravity corre-
spondence [39] (Chapter 5). We investigate the structure of the sound and shear dispersion
relations in a covariant manner and show that the number of modes in a moving fluid is
always larger than that found in a fluid at rest. After revisiting the case of relativistic NS
theory, we move on to second order in gradients and show that the sound disturbances
around a static background are linearly unstable below a certain wavelength (this is also
true in the case of a moving background). Moreover, we explicitly demonstrate that the
hydrodynamic series within the gradient expansion becomes problematic at third order
because both the sound and shear disturbances around a static background have a mode
that goes as ∼ 1/k2. Thus, the addition of more derivatives in the gradient expansion
does not necessarily improve the short wavelength description of the fluid. Rather, at
third order the homogeneous limit of sound and shear disturbances is lost.

It is straightforward to generalize our results taking into account bulk viscosity effects.
However, in this thesis we shall focus solely on the viscous effects that stem from shear
viscosity and leave this generalization to a future study. However, we we show the results
of stability with bulk viscosity in Appendix E.

Throughout this chapter we adopt the mostly negative metric gµν = diag(+,−,−,−)

and natural units.

4.1 Relativistic dissipative fluid dynamics under Linear

Perturbations

In this section we consider the equations of relativistic fluid dynamics in flat spacetime
in the absence of conserved currents (such as baryon number) and take into account only
effects from shear viscosity, though the fluid may not be conformal.

The conservation of energy and momentum ∇µT
µν = 0 leads to the following equa-

tions, repeated here for convenience

Dε+ (ε+ p)θ − πµν σµν = 0 (4.1)
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(ε+ p)Duα −∇α
⊥ p+ ∆α

ν∂µπ
µν = 0 (4.2)

the simplified set of the conformal IS equations [68] that defines the dynamics of the shear
stress tensor πµν used here are [53]

τπ

(
∆µ
α∆ν

βDπ
αβ +

4

3
πµνθ

)
+ πµν = 2ησµν (4.3)

and the gradient expansion conformal equation up to second order

πµν = 2ησµν + 2ητπ

(
Dσ<µν> +

θ

3
σµν
)
, (4.4)

The holographic transport coefficients are also rewritten here for convenience [68]

η

s
=

1

4π
, τπT =

2− ln 2

2π
,

λ1T

s
=

1

2π

η

s
. (4.5)

Following [41–43] we now linearize these equations around a uniform background de-
scribed by ε0, P0, and uµ0 and take the plane wave Ansatz for the disturbances

ε→ ε0 + δε e−ikνx
ν

uµ → uµ0 + δuα e−ikνx
ν

παβ → δπαβ e−ikνx
ν

. (4.6)

The corresponding equations for the disturbances can be written in a covariant form after
defining

Ω = u0µk
µ , κν = ∆ν

0αk
α (4.7)

(note that κµκµ = −κ2 and, by construction, uµ0κµ = 0) and the following projector in
momentum space

∆µν
κ = gµν +

κµκν

κ2
. (4.8)

This allows us to write δuµ = δu‖κ
µ/κ+ δuµ⊥ where

δu‖ = −κνδu
ν

κ
, δuµ⊥ = ∆µν

κ δuν , (4.9)

are the components of the background velocity in the direction of kµ and perpendicular to
it, respectively. With these definitions, the covariant equations for the fluctuations become

Ω δε− (ε0 + P0)κ δu‖ = 0 , (4.10)

(ε0 + P0)Ω δu‖ − κ c2
sδε−

κµκν
κ

δπµν = 0 , (4.11)

(ε0 + P0)Ω δuµ⊥ + κνδπ
µν + κµ

κακβ
κ2

δπαβ = 0 , (4.12)



4.2 GRADIENT EXPANSION APPROACH FOR LINEARIZED SHEAR DISTURBANCES 80

where c2
s = dP0/dε0.

The first two equations above are the ones needed to investigate the structure of the
modes in the sound (i.e., longitudinal) channel while third equation defines the shear
channel. One may rewrite the equations for the sound and shear channels as follows

(
Ω2 − c2

sκ
2
)
δu‖ − Ωκ δπ̄‖ = 0 , (4.13)

Ω δuµ⊥ − κ δπ̄
µ
‖ = 0 (4.14)

where δπ̄‖ = κµκν
κ2

δπµν/(ε0+P0) and δπ̄µ‖ = − (∆κ)
µ
α
κβ
κ
δπαβ/(ε0+P0). In order to determine

the spectrum of the sound and shear modes one needs to know the general expression for
δπ̄‖ and δπ̄µ‖ in Eqs. (4.13) and (4.14) according to the gradient expansion. This will be
discussed in the next section.

4.2 Gradient expansion approach for linearized shear

disturbances

While writing down the full nonlinear expansion of the shear stress tensor with N

derivatives is a daunting task1, expressions for N = 2 [30, 39, 68] and N = 3 have
been proposed [117, 118]. The main difficulty comes from the inclusion of nonlinear terms
in the gradients of flow and energy density. Within kinetic theory, it is possible use the
Chapman-Enskog approach to find the nonlinear expression for the shear stress tensor that
describes the gradient expansion at high orders. In this method, comoving derivatives of
the particle distribution function are converted into transverse derivatives at each order
using the conservation laws and the final expression for πµν possesses only spatial gradients
of the hydrodynamic variables

However, in our case we are only interested in the linear terms and the most general
linear expression for the shear stress tensor disturbance can be easily written in terms of
the hydrodynamic variables up to third order in gradients,

1Even for N = 2 there are several forms to write the expansion that are equivalent at that order,
as discussed in [68] for the case of a conformal fluid (see also [115]). See, however, the “tour-de-force"
performed in [116] where the shear stress tensor for the case of a boost-invariant, Bjorken expanding
strongly coupled N = 4 supersymmetric Yang-Mills plasma was determined up to 240 derivatives.
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δπµν = ∆µν
αβ

(
2η0 δσ

αβ + C1∇α
⊥∇

β
⊥δε− 2η0τπD0δσ

αβ+

C2∇α
⊥∇

β
⊥δθ + C3∇α

⊥∇
β
⊥D0δε+ C4∇λ

⊥∇⊥λδσαβ + C5D
2
0δσ

αβ

)
.

(4.15)

We included all the possible contributions from derivatives of the energy density and
flow that respect rotational invariance. Under linear perturbation, there is an exact rela-
tion between the energy density and the parallel 4-velocity due to energy conservation,

δε = (ε0 + P0)
κ

Ω
δu‖ . (4.16)

The same is true for the expansion rate δθ, as it only adds contributions to the parallel
direction. The shear tensor contributes both to the parallel and perpendicular equation
as follows

δσ̄‖ =
κµκν
κ2

δσµν = −2 i κ

3
u‖ ,

δσ̄µ⊥ = −(δκ)
µ
α

κβ
κ
δσαβ = −iκ

2
δuµ⊥ . (4.17)

The dissipative tensor can be decomposed as

δπ̄‖ =
κµκν

κ2(ε0 + P0)
δπµν ,

δπ̄µ⊥ = −(∆κ)
µ
α

κβ
κ(ε0 + P0)

δπαβ . (4.18)

We find using Eq. (4.15) in Fourier space in the parallel direction

δπ̄‖ =

(
−4

3
i
η0

s0T0

κ−2

3
C1
κ3

Ω
+

4

3

η0τπ
s0T0

Ωκ−2

3
i
C2

s0T0

κ3+
2

3
iC3κ

3−2

3
i
C4

s0T0

κ3+
2

3
i
C5

s0T0

Ω2κ

)
δu‖ ,

(4.19)
and the perpendicular component

δπ̄µ⊥ =

(
−i η0

s0T0

κ+
η0τπ
s0T0

Ωκ− i

2

C4

s0T0

κ3 +
i

2

C5

s0T0

Ω2κ

)
δuµ⊥ . (4.20)

We adopt the convention that the dispersion relations are dimensionless, i.e., an ap-
propriate factor of temperature was absorbed either by the extra factors of Ω and κ, or
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by the transport coefficient. Also, we redefine the ratio of a transport coefficient with the
equilibrium entropy background s0 as

η0

s0

→ Γ ,
Ci
s0

→ ci . (4.21)

The parallel dispersion (sound mode) resulting from the third order dissipative theory
(4.15) is then

Ω2 − 1

3
κ2 +

4

3
iΓ Ωκ2 +

2

3
C1 κ

4 − 4

3
Γτπ Ω2κ2+

2

3
i c2 Ωκ4 − 2

3
i C3 Ωκ4 +

2

3
i c4 Ωκ4 − 2

3
i c5 Ω3κ2 = 0 , (4.22)

and the perpendicular equation (shear mode)

Ω + iΓκ2 − Γτπ Ωκ2 +
i

2
c4 κ

4 − i

2
c5 Ω2κ2 = 0 . (4.23)

Notice that the terms with c2, C3 and c4 contribute the same way to the sound disper-
sion relation. However, only the term with c4 is nonzero in the shear dispersion. Navier-
Stokes theory corresponds to take only Γ as nonzero. It is easy to see that, after lineariza-
tion, the second order theory studied in [68] corresponds to taking Γ and τπ as the only
nonzero coefficients in the expansion. In general, apart from Γ > 0 to recover the correct
NS limit, one does not know a priori the sign of the higher order transport coefficients.
Also, they may have a complicated temperature dependence if the fluid is not conformal.

In the case where the background is static, i.e., uµ0 = (1, 0, 0, 0), we obtain for the
sound mode

ω2 − 1

3
k2 +

4

3
iΓωk2 +

2

3
C1 k

4 − 4

3
Γτπ ω

2k2+ (4.24)

2

3
i c2 ωk

4 − 2

3
i C3 ωk

4 +
2

3
i c4 ωk

4 − 2

3
i c5 ω

3k2 = 0 ,

and the perpendicular shear mode becomes

ω + iΓ k2 − Γτπ ωk
2 +

i

2
c4 k

4 − i

2
c5 ω

2k2 = 0 . (4.25)

where kµ =
(
ω,~k

)
and k2 = ~k2. The sound and shear modes for a static background

are found by solving each of the equations above for ω = ω(k) at a given order in the
derivative expansion.
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One interesting contribution to Eqs. (4.22) and (4.23) comes from the operator related
to c5. For instance, one can see that for N ≤ 2 there are two modes in the sound channel
and only one mode in the shear channel. However, for N > 2 one has N modes in the
sound channel and N − 1 modes in the shear channel.

For a constantly moving background2 with velocity uµ0 = γ (1, ~v) and γ = 1/
√

1− v2

[41, 42], one can use (4.13) and (4.14) to find the general dispersion relations we substitute
Ω = γ (ω − kv) and κ = γ (k − ωv), in which for simplicity we take ~k parallel to ~v.

One can easily see that already for N = 1 (NS) the sound channel has three modes and
the shear has two modes if v 6= 0, which shows that there are mode modes in a moving
background in comparison to the case where the fluid is at rest. In general, for N ≥ 2 the
sound mode has N + 2 modes while the shear has N + 1 modes for a moving fluid.

This analysis suggests that it is impossible to have a dissipative theory constructed
using the gradient expansion that displays the same degrees of freedom (at the linear
level) both in the case where the fluid is at rest and also when the fluid is moving. In
the next sections we explore in detail the structure of the dispersion relations under these
conditions for different theories obtained via the gradient expansion.

4.3 N=1, Relativistic Navier-Stokes theory

For the sake of completeness, we first consider the already well-known [41, 42] rela-
tivistic Navier-Stokes theory, which corresponds to the case where N = 1 in the gradient
expansion in the case of a static background. The sound dispersion relation is

ω2 +
4

3
iΓωk2 − k2c2

s = 0 . (4.26)

where Γ = η0/(s0) and s0, T0 are the background entropy density and temperature,
respectively. This is a simple second order polynomial and one can write the general
solution of the modes in the following form

ω (k) = −2

3
iΓk2 ±

√
k2c2

s −
4

9
Γ2k4 .

It is straightforward to show that the imaginary part of the modes defined above are
always negative and, consequently, the solution is always stable in the linear regime. Also,
one can show that for all wavenumbers above kc = 3cs/ (2Γ) the modes become purely
imaginary (though still stable), i.e., there is no propagation of sound.

2This should be taken of course as an approximation to describe the situation in which the flowing
background vary in space and time in scales much longer than those corresponding to the fluctuations.
Mathematically, this is equivalent to a boost.
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Note that, in the limit of small and large wave-number, k → 0 and k →∞, respectively,
the modes can be written as

ω (k) = ±csk −
2

3
iΓk2 +O

(
k3
)
,

ω (k) = −2

3
iΓk2 (1∓ 1)± 3 i

4

c2
s

Γ
+O

(
1

k4

)
.

For the moving background the dispersion relation becomes

(ω − kv)2 +
4

3
iγ Γ(ω − kv)(k − ωv)2 − (k − ωv) (4.27)

This is now a polynomial of order three and, therefore, it must have one additional mode
that did not exist in the static background case. For this case, we consider to be enough
to write the general form of the solution in the homogeneous limit when k → 0. For this
purpose we expand each mode in a Taylor series ω(k) = χ0 + χ1k + O(k2), insert this
expression into the dispersion relation derived above, and keep only the leading terms.
The result is

χ2
0

[
1− v2c2

s +
4

3
iΓγv2χ0

]
= 0 . (4.28)

One can see that two modes remain hydrodynamical, i.e., they satisfy χ0 = 0, while one
mode will be non-hydrodynamical (i.e., limk→0 ωnon-hydro(k) 6= 0)

χ0 = i
3

4

(
1− v2c2

s

Γγv2

)
.

Note that this mode did not exist when v = 0. Also, in the limit where v → 0, this mode
diverges instead of becoming zero indicating that the number of modes is not necessarily
a continuous function of v. Finally, since v2c2

s is always smaller than 1, χ0 will always be
a positive purely imaginary number, showing that this mode is linearly unstable.

We illustrate these results in Fig. (4.1). Notice that for small background velocities,
there is one unstable and acausal mode. This problem persists for any value of k, therefore
it is also an infrared problem and should be relevant to the hydrodynamical regime.

For the shear channel in the static case the solution is simply ω(k) = −iΓk2, which
illustrates that Γ controls the diffusion of momentum. For a moving background the
dispersion relation is

(ω − kv) + iΓ γ(k − ωv)2 = 0 . (4.29)

This is now a second order polynomial and there thus two modes in the shear channel. In
the homogeneous limit one of the modes remains hydrodynamical while the other one is
non-hydrodynamical ω(k → 0)→ i/(Γγv). Therefore, the extra mode in the shear channel
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Figure 4.1: Group velocity and the imaginary part for Navier-Stokes theory as a function of the
background velocity, fixed at a small k of 0.1. The transport coefficient is calculated from N = 4
SYM (4.5), η/s = 1/(4π). This is unstable for positive imaginary values.

is linear unstable and also diverges when v → 0. Thus, the relativistic NS equations for a
moving fluid contains unstable non-hydrodynamical modes.

These results are well-known and were studied with great detail by several authors
[41–43]. Below we study some of the properties of the sound and shear channels in the
gradient expansion taking N = 2.

4.4 Relativistic Burnett theory

When N = 2 one obtains the linearized version of relativistic Burnett theory. In this
case one truncates the operators of the dissipative tensor at second order,
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δπµν = ∆µν
αβ

(
2η0 δσ

αβ + C1∇α
⊥∇

β
⊥δε− 2η0τπD0δσ

αβ

)
= 0 . (4.30)

which gives the sound and shear channels

Ω2 − c2
sκ

2 +
4

3
iΩκ2Γ (1 + iτπΩ) +

2

3
C1 κ

4 = 0 , (4.31)

Ω + iκ2Γ (1 + iτπΩ) = 0 . (4.32)

4.4.1 Sound dispersion

The sound dispersion relation for a static background is

ω2

(
1− 4

3
τπ0Γk2

)
+

4

3
iΓk2ω − c2

sk
2 +

2

3
C1 k

4 = 0 . (4.33)

Therefore, similarly to the NS theory, there are only two hydrodynamical modes that are
now given by the solution for ω

ω (k) = −2iΓk2

3

1(
1− 4

3
Γτπ 0k2

) [1±

√
1− 3c2

s

4k2Γ2
(3c2

s − 2C1)

(
1− 4

3
Γτπ 0k2

)]
.

However, in contrast to the NS case, the imaginary part of the modes above can become
positive for nonzero k. Here, there is also a critical wavenumber, kc, above which the mode
is always purely imaginary and there is no propagation of sound (for simplicity given the
conformal case C1 = 0)

kc =
3cs

2
√

Γ2 + 3c2
sΓτπ0

.

Note that, taking τπ0 → 0, one recovers the same critical wavenumber obtained for Navier-
Stokes theory. However, assuming that τπ0 is positive, the critical wavenumber for the
absence of sound in the Burnett system is always smaller than that found in Navier-
Stokes theory.

As it is well-known, the solution up to O(k2) is the same as the one found in Navier-
Stokes theory

ω (k) = ±csk −
2

3
iΓk2 ∓ 2Γ

9cs

(
Γ− 3c2

s(τπ −
3

2

C1

Γ
)

)
k3 − 8

9
iΓ2τπk

4 +O
(
k5
)
. (4.34)

This happens because the gradient expansion at this order corrects only moderately large
wavenumbers and, in this case, one only see corrections involving τπ at order O (k3)
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and higher. If one is left to truncate the theory at order O (k3), the coefficient C1 can
be absorbed redefining the coefficient τπ. This is not true however for all orders, since
the k4 term already breaks this argument. Naturally, the solution for large wavenumbers
significantly differs from the one found for Navier-Stokes theory,

ω (k) =
i

2τπ
±
√
C1

2Γτπ
.

If τπ is positive (as it is the case of strongly coupled N = 4 Supersymmetric Yang-Mills
theory [68]), in this limit one of the modes will have a positive imaginary part and, as
mentioned above, the theory becomes linearly unstable3.

We show the behavior of the sound modes for the conformal coefficients η/s = 1/(4π)

and T τπ = 2−ln 2
2π

(and since it lacks a holographic calculation of the coefficient C1, C1 = 0)
in Figs. 4.2 and 4.3. There are instabilities and the group velocity diverges near this critical
kc.

The sound dispersion in a moving background becomes

(ω − kv)2 − c2
s(k − ωv)2 +

+
4γ

3
i(ω − kv)(k − ωv)2Γ (1 + iγτπ(ω − kv)) +

2γ2

3
C1 (k − ωv)4 = 0 , (4.35)

or explicitly writing the highest powers of ω,

· · ·+ 4

3

(
2C1kv

3γ4 + iv2γ3Γ− 2kvγ4Γτπ − 2kv3γ4Γτπ
)
ω3 +

2

3

(
C1v

4γ4 − 2v2γ4Γτπ
)
ω4 = 0 . (4.36)

Since this is complicated to explicitly solve, there is a more appropriate method to
analyse the properties of the roots. We use the Vieta’s formula to study the sum of the
roots, or more precisely: For a polynomial anzn + an−1z

n−1 + · · · + a0 = 0, for complex
coefficients and variables, the sum of the roots ri is

S ≡
n∑
i=1

ri = −an−1

an
. (4.37)

3We remark that the coefficient τπ that appears at second order in the gradient expansion does not
need to be necessarily positive. In fact, a recent study [119] in a strongly coupled model has found τπ 0 < 0.
In this case, there is no linear instability.
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Figure 4.2: Group velocity and the real part of sound modes for static background. The transport
coefficients are N = 4 SYM (4.5), η/s = 1/(4π) and τπ T = (2−ln 2)

2π .

Therefore, for Eq. (4.36) the sum of roots are

S(k, v) =
4C1kv + 2iΓ

γ(2τπΓ− C1v2)
− 4k(1 + v2)τπΓ

v(2τπΓ− C1v2)
. (4.38)

Even though we do not know the sign of C1, for small v this expression has a positive
imaginary number. Therefore, at least one of the roots need to have a positive imaginary
part, which translates to instabilities.

It is clear from Eq. (4.38) that the two coefficients C1 and τπ contribute differently
to the overall behavior of the modes. However, it is not immediately clear that one can
differentiate them if the expansion is truncated up to terms in k to the third power.

It is possible to solve Eq. (4.35) taking k → 0 and using ω(k)→ χ0 +χ1k+O(k2) and
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Figure 4.3: Imaginary part of sound modes for static background. The transport coefficients are
N = 4 SYM (4.5), η/s = 1/(4π) and τπ T = (2−ln 2)

2π . This is unstable for positive imaginary
values.

keeping only the leading terms one finds

χ2
0

[
1− v2c2

s + i
4

3
Γ γv2χ0 −

4

3
Γτπ γ

2v2χ2
0 +

2

3
C1v

4χ2
0

]
= 0 . (4.39)

As it happened in Navier-Stokes theory, two modes will be hydrodynamical, i.e., they
satisfy χ0 = 0, while the remaining modes will be non-hydrodynamical

χ0 =
iΓ

γ(2Γτπ − C1v2)

[
1±

√
1− 3

2v2Γ2
(1− c2

sv
2)(2Γτπ − C1v2)

]
.

Both these modes did not exist when v = 0. Also, as it occurred in Navier-Stokes theory,
they diverge in the limit where v → 0. Finally, since v2c2

s < 1 and assuming that τπ is
positive, both nontrivial solutions for χ0 will have positive imaginary parts and the system
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is, thus, linearly unstable.

4.4.2 Shear dispersion

The general covariant shear dispersion is

Ω + iΓκ2 − Γτπ Ωκ2 = 0 . (4.40)

In the static background, the shear dispersion relation to second order is

ω + iΓ k2 − Γτπ ωk
2 = 0 . (4.41)

It is easy to see that for the shear channel in a static background the solution is

ω(k) = − ik2Γ

1− τπΓk2
(4.42)

and this becomes linearly unstable when k > 1/
√
τπ 0Γ, but at that scale the sound channel

has already developed an instability as showed before. For a moving background one finds
the dispersion relation

(ω − kv) + i(k − ωv)2γΓ [1 + iτπγ(ω − kv)] = 0 (4.43)

with which is easy to show that the sum of the modes is

S(k, v) = kv

(
1 +

2

v2

)
+

i

γτπ
(4.44)

and, hence, this system is linearly unstable. In fact, one can show that when k → 0 one
of the modes is hydrodynamical while the other two are non-hydrodynamical and linearly
unstable if τπ > 0

χ0 =
i

2τπγ

(
1±

√
1− 4τπ

v2Γ

)
. (4.45)

Up to the third power of k, there is no dependence on the second order coefficients.
The same is true in the moving background dispersion for the hydrodynamical mode. This
mode depends on v as

ω = −vk − i

γ3
Γk2 − 2v

γ4
Γ2k3 +O(k4) . (4.46)

This claim does not hold for higher powers of k or for the other non-hydrodynamical
modes that appear in the theory. Moreover, the non hydrodynamical modes are sensitive
to the coefficient τπ (but not C1). These claims are evident from the structure of the sum
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Eq. (4.44).
Therefore, we see that by going to second order in gradients the problems of the first

order theory are not resolved. Rather, in this case the system is linearly unstable even
when the background is static (the instability for a moving fluid also persisted). Next, we
will show that the inclusion of one more derivative makes this situation much worse. In
this case, the inclusion of a third derivative renders the system not only unstable but also
also leads one to question hydrodynamical expansion.

4.5 Breakdown of the hydrodynamic expansion at third

order in gradients?

We wrote a general expression that includes all relevant operators under linear pertur-
bations up to third order of gradient expansion (N = 3), i.e., the dissipative theory Eq.
(4.15). The resulting dispersion relations are written in covariant notation in Eqs. (4.22)
and (4.23).

4.5.1 Sound Dispersion

In the static case, the sound channel is defined by

ω2 − 1

3
k2 +

4

3
iΓωk2 +

2

3
C1 k

4 − 4

3
Γτπ ω

2k2+ (4.47)

2

3
i c2 ωk

4 − 2

3
i C3 ωk

4 +
2

3
i c4 ωk

4 − 2

3
i c5 ω

3k2 = 0 ,

The sum of the three modes ω(k) is

S(k, v) = − 3i

2c5 k2
+ τπΓ

2i

c5

, (4.48)

which shows that there are terms that go as ∼ 1/k2 in the modes (alternatively, note
that taking k = 0 in the dispersion relation changes the order of the polynomial). In fact,
one can solve the equation for the modes and show that in the low momentum limit one
finds

w(k) = ±csk −
2

3
ik2Γ +O(k3) , ω(k) = −3

2

i

c5k2
+

2i

c5

Γτπ 0 +
4

3
ik2Γ +O(k4) . (4.49)

There are two hydrodynamic modes and one non-hydrodynamic mode but this theory is
linearly unstable for any value of k. In fact, one can see that the hydrodynamic expansion
breaks down due to the ∼ 1/k2 term in the third mode. This theory is pathological
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since the additional derivative with respect to N = 2 case affects not only the short
wavelength behavior of the modes but it also destroys the infrared of the theory making
the homogeneous limit of the sound channel ill-defined.

4.5.2 Shear Dispersion

Eq. (4.23) in a static background is a simple second order polynomial,

ω + iΓ k2 − Γτπ ωk
2 +

i

2
c4 k

4 − i

2
c5 ω

2k2 = 0 . (4.50)

In the shear channel one can solve the dispersion equation directly to find that there
are now one hydrodynamic mode and also an additional non-hydrodynamic mode

ω(k) = −iΓk2 +O(k4) , ω(k) = −2i

c5

1

k2
+

2i

c5

Γτπ + iΓk2 +O(k4) . (4.51)

Once more, the system is unstable and the homogeneous limit of the shear channel does
not exist anymore. A more thorough analysis may be performed to find the properties of
this third order system in a moving fluid. However, given the serious issue regarding the
absence of the homogeneous limit found already in the case of perturbations around the
static background we leave such an analysis to a future study.

4.5.3 Sound mode without Second Comoving Derivative of Shear

Tensor

We briefly investigate the behavior of third order sound dispersion relation Eq. (4.22)
if we neglect a contribution from the second comoving derivative of the shear tensor, i.e.,
c5 = 0.

In the covariant notation, the equation is then

Ω2 − 1

3
κ2 +

4

3
iΓ Ωκ2 +

2

3
C1 κ

4 − 4

3
Γτπ Ω2k2+ (4.52)

2

3
i c2 Ωk4 − 2

3
i C3 Ωk4 +

2

3
i c4 Ωk4 = 0 .

For the usual choice Ω = γ(ω − kv) and κ = γ(k − ωv) in a moving fluid, the sum of
the 5 roots of the 5th order polynomial is

S(k, v) =
i

γ

C1

(c2 − C3 + c4)
− 4

k

v
− kv − 2 i

γ v2

Γτπ
(c2 − C3 + c4)

. (4.53)

There are modes with divergence for small v as well, which results in group velocities
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that scale as 1/v. The sign of the imaginary part depends on the details of the coefficients
that are not known in principle, and that is also a problem with such an approach. The
third order coefficients should be a small correction to the dynamics of the system and,
therefore, it is odd that any small deviation of such value would imply infinitely large
instabilities (as it scales as 1/v2).

However, if one neglects the contribution of the second comoving derivative of the shear
tensor, the infrared inconsistencies of modes depending on the inverse of the wavenumber
are absent.

4.6 Linearized second order Israel-Stewart theory

In this section we analyse the behavior of Israel-Stewart Eq. (3.4) under linear pertur-
bations, in which the dissipative tensor becomes

τπD0δπ
<µν> + δπµν = 2η0δσ

µν . (4.54)

Therefore, the sound and shear covariant dispersion relations are

(Ω2 − 1

3
κ2)(1− iτπΩ) +

4

3
iΓΩκ2 = 0 , (4.55)

Ω(1− iτπΩ) + iΓκ2 = 0 . (4.56)

4.6.1 Sound Modes

In the static background, the dispersion relation is a third order polynomial,

(ω2 − 1

3
k2)(1− iτπω) +

4

3
iΓωk2 = 0 . (4.57)

We show the results in Figs. 4.4 and 4.5.
The group velocity is always bounded and well-behaved, and the imaginary part is

always negative, which indicates stability. The theory is mathematically well-defined at
any k, differently from the behavior of second order gradient expansion theory in Figs.
4.2 and 4.3.

Another feature of the Israel-Stewart theory is that there are always the same number
of modes for any background velocities: two hydrodynamical and one non-hydrodynamical.
The gradient expansion theory had emerging non-hydrodynamical modes for non-zero v,
which lead to instabilities and 1/v behavior. Therefore, it is interesting to investigate the
Israel-Stewart modes for a moving background, Eq. 4.55 with the usual Ω = γ(ω − kv)
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Figure 4.4: Real and imaginary part of sound modes for static background, Israel-Stewart theory.
The transport coefficients are N = 4 SYM (4.5), η/s = 1/(4π) and τπ T = (2−ln 2)

2π . Negative
imaginary values correspond to stable dynamics.

and κ = γ(k − ωv). The third order polynomial roots can be solved in general, but we
focus on the structure for small k and v.

The sound and shear hydrodynamical modes in Israel-Stewart theory are equivalent
to the ones in the gradient expansion theory up to k3. This statement holds even in a
moving background. The sound modes are

ω1,2 = −2v ±
√

3(1− v2)

3− v2
k − 2i

γ3

9∓ v
(
9
√

3∓ v
(
9∓
√

3v
))

(3− v2)3
Γ k2+[

±2
√

3

9
(Γ− τπ) +

8

9
(τπ − 2Γ) v +O(v2)

]
Γk3 +O(k4) , (4.58)

The non-hydrodynamical modes are different for Israel-Stewart and Burnett theories.
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Figure 4.5: Group velocity and the real part of sound modes for static background, Israel-Stewart
theory. The transport coefficients are N = 4 SYM (4.5), η/s = 1/(4π) and τπ T = (2−ln 2)

2π .

In particular, the IS one is always stable and causal under linear perturbation given τπ is
larger than a critical value.

The non-hydrodynamical mode in Israel-Stewart theory is

ω3 = − γ i (3− v2)

3τπ − v2(τπ + 4Γ)
+

[(
8

3τπ
Γ− 1

)
v +O(v3)

]
k+

+

[
4 i

3
Γ− i

3
(10Γ− τπ) v +O(v4)

]
k2 +O(k3) . (4.59)

If τπ > 2Γ, it is guaranteed from Eq. (4.59) that this mode is always stable for any
background velocity [59, 74].

4.6.2 Shear Modes

The dispersion relation of shear modes in Israel-Stewart theory, given by Eq. (4.56),
has two modes for every background velocity. We solve ω(k) for small k and a generic
background velocity,

ω1 = −vk − i

γ3
Γk2 − 2v

γ4
Γ2k3 +O(k4) ,

ω2 = − i

γ(τπ − v2Γ)
− (v(τπ − 2Γ) + v3Γ)

τπ − Γ
k +O(k2) . (4.60)

Notice that the non-hydrodynamical mode is once again stable if τπ is large enough
compared to Γ. Also, the hydrodynamical mode agrees with the second order gradient
expansion theory (4.46).
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4.7 Improving the short wavelength behavior through

resummation

Let us return to the sound dispersion relation in the second order theory (the same
argument done below is also valid for the shear channel). As shown before, the sound
modes are defined by

Ω2 − c2
sκ

2 +
4

3
iΩκ2Γ (1 + iτπΩ) = 0 . (4.61)

To lowest order in frequency and momenta, one may use the substitution [68]

1

1− iτπΩ
= 1 + iτπΩ +O(Ω2) (4.62)

and find a new dispersion relation that is of Israel-Stewart type

Ω2 − c2
sκ

2 +
4

3
iΩκ2Γ

1

1− iτπΩ
= 0 . (4.63)

In terms of the equations of motion, this resummation is equivalent to impose that πµν

obeys a first-order, relaxation-like equation such as that found, for instance, in kinetic
theory through the moments method [30].

The results from this “resummed" theory agree with those from the gradient expan-
sion up to the order of validity of Burnett’s theory. In fact, for a static background this
dispersion relation becomes

(ω2 − c2
sk

2)(1− iτπω) +
4

3
iωk2Γ = 0 , (4.64)

which is a polynomial of order three and has, thus, three modes given by

ω(k) = ±csk −
2

3
iΓk2 ∓ 2Γ

9cs
(Γ− 3c2

sτπ)k3 +O
(
k4
)

(4.65)

ω(k) = − i

τπ
+O(k2) . (4.66)

The first two hydrodynamic modes are the same as those found in (4.34) up to order
k3. The third mode is non-hydrodynamical (though stable) and it decouples from the
spectrum if k is sufficiently small. Therefore, in the case of disturbances around a static
background, in the hydrodynamic limit the resummed dispersion relation (4.63) and the
gradient expansion (4.33) describe essentially the same physics and one can “bypass" the
instability found in the sound channel of Burnett’s theory by effectively using the modes of
the Israel-Stewart-like theory for all values of k < 1/τπ (with this restriction the additional
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non-hydrodynamical mode does not contribute to the effective theory).
As we previously showed, in the case of a moving fluid Burnett’s theory has four

modes in the sound channel, two of which are hydrodynamical while the others are non-
hydrodynamical and intrinsically linearly unstable even in the limit of k → 0. However,
the IS-like theory in (4.63) does not change the number of modes when going from a
static background to a moving fluid. Once more, the two hydrodynamic modes found in
this case agree with those of Burnett’s theory up to O(k4) but the non-hydrodynamic
mode of this theory is stable (see [74] for the conditions on the value of τπ in Israel-
Stewart theory that must be met to guarantee linear stability). Therefore, even in the
case of a moving fluid, the replacement (4.33)→ (4.63) does not alter the low momentum
properties of the system and it changes only the short wavelength, non-hydrodynamic
behavior. Clearly, a necessary condition for the use of this type of resummation is that
the infrared, hydrodynamic properties of the system are maintained and only the short
wavelength physics is affected.

One may then wonder if the infrared problem found at third order in gradients already
in the case of a static background can be “cured" by a similar resummation. In this case, the
sound channel of the resummed theory would be (with C1 = 0 and the other contributions
rescaled to c4)

Ω2 − c2
sκ

2 +
4

3
iΩκ2Γ

1 + d1(−iΩ)

1− i(τπ + d1)Ω + c4
κ2

2Γ
+ c5

Ω2

2Γ

= 0 . (4.67)

where d1 is a new coefficient that can appear at this order. Note that this equation
agrees with (4.22) when Ω and κ are small. In terms of equations of motion, this disper-
sion relation corresponds to the case where the shear stress tensor obeys an independent
differential equation of second order in derivatives, as explained in [29, 120]. For a static
background one finds that the sum of the four modes is

S =
2i

c5

Γ(d1 + τπ) . (4.68)

While the stability properties of such a theory depends on the values (and the signs!) of
its various transport coefficients, one can immediately see that the ∼ 1/k2 contribution
found for the third order gradient theory is not present. Therefore, one can safely take
the k → 0 limit to find

χ2
0

[
1− i(τπ + d1)χ0 + c5

χ2
0

2Γ

]
= 0 , (4.69)

which shows that there are two hydrodynamic modes (as expected) and also two non-
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hydrodynamic modes

χ0 = i
Γ

c5

[
τπ + d1 ±

√
(τπ + d1)2 +

2c5

Γ

]
. (4.70)

If c5 > 0 the homogenous limit of these modes is linearly unstable while stability requires
c5 < 0. In fact, in this case for |c5| < Γ(τπ + d1)2/2 no conditions on the sign of τπ + d1

are need while if |c5| > Γ(τπ + d1)2/2 one needs τπ + d1 > 0 for homogeneous stability.
A full stability analysis of this theory for nonzero k requires the knowledge of the several
transport coefficients involved in the equations. The value of these coefficients can be
found, in the context of kinetic theory, using the formalism developed in [29] but this is
beyond the scope of this thesis. Also, it is possible to check that the shear channel in the
static fluid is also free of 1/k2 terms in this resummed theory (the corresponding analysis
for a moving fluid is very cumbersome though straightforward but we will not study it
here since it does not bring any new aspect into the problem).

This resummed theory has two hydrodynamic modes that agree with those of the
N = 3 gradient theory at low momentum but the two non-hydrodynamic modes in this
case are well defined (and can be stable) in the homogeneous limit of the perturbations.
Therefore, the resummation is not really equivalent to the N = 3 gradient expansion
theory since the hydrodynamic expansion in powers of momentum works in the former
but fails for the latter.

4.7.1 Expansion in derivatives of πµν

We now argue that the resummation argument from the last section is connected to a
truncation of an expansion in derivatives of πµν . Since the differential equation involves
a larger number of initial conditions, it seems reasonable to assume that the new initial
conditions on πµν represent some resummed microscopic degree of freedom and then the
tensor πµν is an effective emergent degree of freedom. This behavior was evident for the
Israel-Stewart semi-analytical solutions for the Bjorken and Gubser flows, discussed in
Chapter 2.

We propose the general expansion of the dissipative tensor up to third order of comov-
ing derivatives of dissipative tensor, which we will call third order Israel-Stewart (only
linear contributions are relevant for this discussion),

B3,2D0∇2
⊥δπ

<µν> + B3,1D
3
0δπ

<µν> + B2,2∇2
⊥δπ

<µν>+

B2,1D
2
0δπ

<µν> + B1D0δπ
<µν> + δπµν = 2η0δσ

µν + · · · . (4.71)
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where on the right hand side we considered the gradient expansion terms of Eq. (4.30).
In the covariant momentum space, the contribution of the dissipative tensor to the sound
and shear modes are modified as (GE stands for gradient expansion),

δπµνIS =
1

1− iB1Ω− B2,1Ω2 − B2,2κ2 + iB3,1Ω3 + iB3,2Ωκ2
δπµνGE . (4.72)

Furthermore, we can write the general sound and shear dispersion relation for this
Israel-Stewart-like theory as

(Ω2 − 1

3
κ2)(1− iB1Ω− B2,1Ω2 − B2,2κ

2 + iB3,1Ω3 + iB3,2Ωκ2) +
4

3
iΓΩκ2+

2

3
C1κ

4 − 4

3
ΓτπΩ2κ2 +

2

3
ic2Ωκ4 − 2

3
iC3Ωκ4 +

2

3
ic4Ωκ4 − 2

3
ic5Ω3κ2 = 0 . (4.73)

And the shear dispersion becomes

Ω(1− iB1Ω− B2,1Ω2 − B2,2κ
2 + iB3,1Ω3 + iB3,2Ωκ2)+

iΓκ2 − ΓτπΩκ2 +
i

2
c4κ

4 − i

2
c5Ω2κ2 = 0 . (4.74)

It is very hard task to make general statements about stability and causality as we do
not know from first principles which microscopic model would generate such macroscopic
theory, nor we know the full parameter space of these many coefficients. However, we
notice one interesting feature of such polynomials: there is always the same number of
degrees of freedom in the static as well as in the moving background. The number of modes
is clearly the same as the sound dispersion contains the term Ω5 and the shear dispersion
contains Ω4. Therefore, we do not expect the non-hydrodynamical modes to scale as 1/v

as the gradient expansion theories. If we analyze Eq. (4.73) in a static background, the
Vieta formula for the sum of the roots is simply

S = −iB2,1

B3,1

, (4.75)

which is free of the IR divergence 1/k2.
Therefore, we can use fourth order Israel-Stewart to “define” the third order gradi-

ent expansion, similarly to using second order Israel-Stewart to “define” Navier-Stokes
equation.
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4.8 Conclusions of the Chapter

The causality and stability properties of linear perturbations in the sound channel of a
dissipative fluid constructed using an N th order gradient expansion are nontrivial but still
tractable in some important limits, such as the hydrodynamical limit of small momenta k.
We showed that at the linear level (which is the adequate limit concerning sound waves)
there is violation of causality and there is also at least one (linearly) unstable mode in
the sound channel up to third order in the derivative expansion for small background flow
velocities. The problems of stability and causality were translated into a mathematical
investigation of the properties of the roots of the polynomial defined by the sound disper-
sion relation. We believe that such identification was crucial to investigate the idea that a
relativistic theory constructed using the gradient expansion has generally unstable modes
in its spectrum4. Our results are consistent with Ref. [42] where instabilities were found
to be a generic property of 1st-order Navier-Stokes theories.

We note that the higher order terms in Israel-Stewart were introduced in order to
avoid the divergences in small v and small k of the third order theory in the gradient ex-
pansion. One non-trivial connection to the non-equilibrium physics is through the quasi-
normal (QN) modes obtained from a microscopic theory; for instance, systems described
by the Boltzmann equation or AdS/CFT. In holography, the structure of QN modes im-
plies that the dissipative tensor should generally obey at least a second order differential
equation. The effective hydrodynamical theory that emerges from holography should be
directly connected to the microscopical degrees of freedom of the plasma. Therefore, not
only it should contain the known hydrodynamical excitations, but it should also include
non-equilibrium physics encoded in non-hydrodynamical modes. Well defined nonlinear
relativistic theories should not contain divergences, instabilities, and causality issues. It
is crucial the role of non-linearity in this scenario, as propagation beyond the linearized
regime will mix the modes seen in a linear treatment nontrivially.

In the next section we review the fluid/gravity duality, which is based on thegradient
expansion, and suggest further investigation in order to find the holographic dual of a
consistent dissipative relativistic fluid theory.

4A general background flow should have regions where the velocity is small and, thus, we expect that
the linear instability found here should be a common problem in these theories.



Chapter 5

Overview of the Fluid-Gravity
Correspondence

We overview some aspects of the fluid-gravity correspondence [39, 61, 62] and its
implications to non-equilibrium physics in this final chapter. Since this is still a work in
progress, the approach is quite different from the rest of the thesis: we limit ourselves to
overview some aspects found in the literature and outline future research directions.

In the context of the fluid-gravity correspondence, a gradient expansion approach has
already been consolidated. However, as we throughly discussed through this thesis, it is
not expected that the dissipative relativistic hydrodynamics constructed in this manner
to produce well-behaved solutions, whether analytically and semi-analytically (Chapter
2) or that are stable under linear perturbations (Chapter 4). Therefore, a natural ques-
tion is whether there is a rigorous construction that is mathematically well-behaved for
different background velocities and wavelengths at strong coupling while it also describes
the well-stablished properties of the quasinormal (QN) modes of AdS/CFT for late times.
In fact, the goal would be to find whether there is an effective nonlinear theory that
connects both hydrodynamical and non-hydrodynamical modes within the Fluid-Gravity
correspondence, in analogy to the truncation through the moments method [30] of the
Boltzmann equation.

We use natural units and the mostly plus metric signature in this chapter, gµν =

diag(−1, 1, 1, 1), as well as natural units.

5.1 The Fluid-Gravity construction

An exciting consequence of the AdS/CFT correspondence is that the dynamics of
gravity in (d + 1) dimension asymptotically Anti-de Sitter spacetime is dual to fluid
dynamics in its d dimensional conformal boundary [62].

101
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The classical limit of a strongly interacting many-body quantum field theory is sup-
posed to be described by collective dynamics, a relativistic strongly interacting fluid that
rapidly thermalizes. Recent experimental results corroborate this picture [7], and heavy
ion collisions are believed to produce the Quark Gluon Plasma, a strongly interacting
fluid with origin in the many-body properties of non-Abelian gauge theory, QCD. QCD
at low-energies is strongly interacting and so far the methods to successfully address its
non-perturbative behavior, such as lattice-QCD, are not appropriate to describe real-time
phenomena and consequently the calculations of transport coefficients and hydrodynamics
behavior.

Despite N = 4 Super Yang-Mills being a very different quantum field from QCD(there
is no confinement and the beta function vanishes) it seems that its hydrodynamical regime
reveals some kind of universal behavior. Therefore, it is natural to consider the framework
of AdS/CFT (and holography in general) as a useful tool to access the non-equilibrium
physics. For a recent review of holography and some phenomenological applications of
strongly coupled gauge theories, see for instance Ref. [31].

If the fluid picture is the appropriate dynamics of long wavelength excitations of a
hot quantum plasma, then its solutions should be connected somehow to the dynamics of
gravity in one higher dimension, by the principles of AdS/CFT. The early efforts [121–
125] to understand such mappings were connected to the Bjorken symmetry, throughly
discussed in Chapter 2. The question was which dual spacetime described the scaling
Bjorken analytic solution. Since fluid dynamics is an effective, long wavelength coarse-
grained description of a microscopic theory and its related fields, it seems reasonable to
assume some sort of truncation on Einstein’s equation should lead to the correct map.

It is crucial at this point to notice that the construction of dissipative hydrodynamics
is not unique. In the previous chapters we analyzed very different implementations of
dissipative hydrodynamics at second order in gradients, the relaxation type Israel-Stewart
theory and the gradient expansion Burnett theory. For instance, the microscopic origins
of both theories can be traced back to kinetic theory; however, the assumptions about
truncation are responsible for the final structure of the theory.

For instance, the gradient expansion approach involves a truncation on all the perfect
fluid variables as a series controlled by a small parameter, such as the mean free path
(λmfp) of quasiparticle excitations [40]. In such scenario, we have

πµν ≈ λmfp

l
Oµν1 +

λ2
mfp

l2
Oµν2 + · · · , (5.1)

where Oµνj stands for a class of nonlinear operators of order j in derivatives that
respects the system’s symmetry and l is the typical length of the gradient. This ratio
Kn ≡ λmfp/l is known as the Knudsen number.
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The Israel-Stewart approach can be obtained from kinetic theory/Boltzmann equation
using the moments method [30]. This method involves expanding the collision term of the
Boltzmann equation in momentum space, through an irreducible and complete basis.
Each moment of the Botzmann distribution function is a new dynamical field, and the
truncation of this series depends on a different dimensionless variable in the theory. The
usual solution is to consider a truncation in the inverse Reynolds number, which relates the
dissipative tensor µν to the equilibrium pressure p0 as R−1

π ≡ |πµν |/p0, and is a measure
of how far from equilibrium the system is.

The picture is very clear: the higher moments of the Boltzmann distribution describe
higher energy excitations, which probe shorter distances/lengths. Therefore, the trunca-
tion in momentum space for the inverse Reynolds number just implies an effective long
wavelength theory, just what is expected of hydrodynamics. However, such theories have
also excitations other than the hydrodynamical modes, which we showed in the last chap-
ter are necessary to ensure causality and stability for the whole spectrum of wavenumber
and velocities. It is true that we expect these very high-energetic modes to be suppressed
otherwise the validity of the hydrodynamical approximation is broken, but nonetheless
they are necessarily present to ensure mathematical consistency of the infrared theory.
One example is general relativity, even though at short distances there should be the
new degrees of freedom of quantum gravity, the long wavelength classical approximation
of general relativity is not only mathematically consistent, but its own definition is that
locally spacetime should become Minkowskian!

The so called Fluid-Gravity correspondence is a long wavelength approximation of
Einstein’s equation with negative cosmological constant where the dynamical variables are
truncated order by order, and the boundary fluid theory is exactly the Burnett gradient
expansion theory. In a sense, the current fluid/gravity map is the strong coupling analog
of the Chapman-Enskog theory [114], commonly used in kinetic theory [40].

In the following sections, we shall study some properties of AdS space and black
brane solutions, while giving an introduction to holographic methods. Then, we review
the Fluid-Gravity in the case of Navier-Stokes theory.

5.2 The geometry of AdS

To investigate the geometrical properties of AdS spaces, we follow the references [33,
126, 127] closely. Consider the Lorentzian curve in Rp+1,2,
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ηabX
aXb = −L2 ,

−X2
0 +

p+1∑
i=1

X2
i −X2

p+2 = −L2 . (5.2)

The metric on this embedded space is simply

ds2 = −dX2
0 +

p+1∑
i=1

dX2
i − dX2

p+2 . (5.3)

This embedding of the AdSp+2 makes the isometry SO(2, p+1) manifest. For instance,
it is no surprise then that should there be a relation between AdS5 and the conformal
group in four dimensions SO(2, 4).

We can write the metric in global coordinates through the identification 1

X0 = L coshρ cosτ ,

Xi = L sinhρΩi ,

Xp+2 = L coshρ sinτ . (5.4)

and
∑p+1

i=1 Ωi. The global metric then becomes

ds2 = L2
(
−cosh2ρ dτ 2 + dρ2 + sinh2ρ dΩ2

p

)
. (5.5)

This metric has the rotational symmetry SO(p + 1) explicit from dΩ2
p, and from the

coordinate transformations there is a rotation symmetry SO(2) for τ → τ + a. The
coordinates ρ ≥ 0 and 0 ≤ τ ≤ 2π cover the hyperboloid once. We represent this geometry
in Fig. 5.1.

5.2.1 Asymptotic Flatness

We want to briefly study the causal structure of R1,p. The causal structure is preserved
under Weyl transformations, as light rays (ηabXaXb = 0) are invariant under such opera-
tions. We call the flat space of interest ds2

1, and in order to study its causal structure we
study the following operations [33],

1We also study global coordinates of de Sitter space in Appendix C .
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ds2
1 = −dt2 + dr2 + r2dΩ2

p−1 ,

ds2
1 = −du+u− +

1

4
(u+ − u−)2dΩ2

p−1 , (5.6)

where the coordinates u± = t ± r are the lightcone trajectories. Now we can bring
spatial infinity to finite coordinates with the following operations and identifications,
u± = tanũ±, and writing in more usual coordinates ũ± = (τ ± θ)/2. The metric is then

ds2
1 =

1

4cos2ũ+cos2ũ−

(
−dτ 2 + dθ2 + sin2θ dΩ2

p−1

)
. (5.7)

This maps a fixed point on the sphere Sp−1 to triangular regions in τ and θ. It can
be analytically continued outside the triangle to make manifest the symmetry of the
spacetime, 0 ≤ θ ≤ π and −∞ < τ < ∞. Notice that for τ = 0, θ = 0 and θ = π

map spatial infinity, or the north and south pole of the sphere Sp. The boundary of this
spacetime then has topology of R× Sp. We represent its Penrose diagram in Fig. 5.2.

5.2.2 Asymptotic AdS

For small ρ, the metric (5.5) becomes a closed timelike curve with radius L, as coshρ→
1, with topology S1 × Rp+1. For physical descriptions this is clearly a problem and the
appropriate AdS metric should “unwrap” the time coordinate, which means finding the
universal cover of the hyperboloid. Before doing so, it is interesting to check the boundary
of AdS though a conformal transformation. Suppose we have [33]

tanθ = sinhρ ,

ds2 =
L2

cos2θ

(
−dτ 2 + dθ2 + sin2θdΩ2

p

)
, (5.8)

with the range of the new coordinate as 0 ≤ θ ≤ π/2. The conformal metric that preserves
the causal structure is then

ds
′2 =

(
−dτ 2 + dθ2 + sin2θdΩ2

p

)
. (5.9)

The topology of the boundary of this spacetime is then R × Sp, with a boundary
at θ = π/2. Spacetimes that can be conformally mapped to such asymptotic structure
are called asymptotic Anti-de Sitter spaces, and they need a boundary condition to have
a well posed Cauchy problem at θ = π/2. The map of the asymptotic Anti-de Sitter
space is exactly half of the conformal compactification of R1,p, which corroborates the
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idea in holography that AdSp+2 and R1,p have similar boundaries. We represent a Penrose
diagram of AdS space in Fig. 5.3.

5.2.3 Poincaré Patch

Finally, we want to “unwrap” the time coordinate of the global AdS space in order
to study its physical properties. Such construction is called the universal covering of the
space. It can be achieved through the coordinate parametrizations (r, t, ~x) and 0 < u, ~x ∈
Rp). The following substitution then covers half of the hyperboloid [33],

X0 =
1

2r

(
1 + r2(L2 + ~x2 − t2)

)
,

Xp+1 =
1

2r

(
1− r2(L2 − ~x2 + t2)

)
,

X i = Lrxi (i = 1, · · · , p) ,

Xp+2 = Lrt . (5.10)

And the resulting metric is the familiar construction

ds2 = L2

(
dr2

r2
+ r2(−dt2 + d~x2)

)
, (5.11)

where the boundary is at r →∞.
The explicit isometries are the Poincaré group ISO(1, p), and the hyperbolic symmetry

SO(1, 1), which is related to dilatation of the coordinates (t, ~x, r) → (λt, λ~x, r/λ) and
λ > 0. The combination of isometries still matches the ones from the conformal group, as
SO(2, p+ 1)→ ISO(1, p)× SO(1, 1).

Another useful notation is to write Eq. (5.11) as r = 1
z
, therefore moving the boundary

to z = 0, we have the metric

ds2 =
L2

z2

(
dz2 − dt2 + d~x2

)
, (5.12)

which makes manifest that every slice of constant z looks like Minkowski space!
The relevant Einstein equations are simply Einstein gravity with a negative cosmolog-

ical constant, which we write as

EMN = RMN −
1

2
gMNR− ΛgMN = 0 , (5.13)

where the cosmological constant is related to the AdS radius as Λ = −(p+1)(p+2)/2L2.
We use Latin indices (M,N) for the objects in the d+ 1 manifold, and Greek indices for
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the d boundary (µ, ν), where d = p + 1. Eq. (5.13) is simply a vacuum equation, and
admits the solution of AdSp+2 Eq. 5.12.

5.2.4 Extracting the energy-momentum tensor from holography

Our goal is just to convey the idea of how to extract the stress-energy tensor at the
boundary from the gravitational theory in the bulk.

The core idea is the need to add counterterms in the supergravity action, just as
a usual QFT has short wavelengths divergences. Therefore, the idea of the holographic
renormalization is to relate the infrared infinities of the supergravity action to the ultravi-
olet infinities of the CFT, which is a strict test of the consistency of the AdS/CFT duality
[128].

First, there is the Brown-York construction of the “quasilocal stress tensor” [129], which
is defined locally in the boundary of a region of spacetime. Therefore, as a functional of
the induced boundary metric γµν , it is defined as

T µν =
2√
−γ

δSgrav

δγµν
, (5.14)

which diverges if the boundary is at infinity. If the divergences are identifies as the
UV divergencies of the CFT in the AdS/CFT map, then it uniquely determines local
counterterms in the boundary to make the action finite. As in any QFT, the bare quantities
should be renormalized in order to obtain physically sound results.

The Brown-York formula for achieving renormalization is by considering the induced
metric γµν on a hyper-surface r = rc, where r is the AdS radius with boundary at∞. The
normal vector to this surface is

nM =
∇M r√

gMN∇M r∇N r
. (5.15)

and the induced metric

γMN = gMN − nMnN . (5.16)

Then the extrinsic curvature can be calculated as

KMN = −∇MnN . (5.17)

The quantities in 5 dimensions can be expressed as boundary tensors as

Aµν = AMN

(
∂xM

∂xµ

) (
∂xN

∂xν

)
. (5.18)
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Then, the prescription is that the stress-energy tensor should be [61]

T µν = lim
rc→∞

r2
c

16πG5
N

[
Kµν −Kγµν − 3γµν − 1

2

(
Rµν − 1

2
Rγµν

)]
, (5.19)

where the Ricci tensor and scalar are constructed by the induced metric γµν .
Another possible approach involves considering the bulk metric written in the Fefferman-

Graham form, similar to Eq. (5.12) [128],

ds2 = GMNdx
MdxN =

L2

z2
(dz2 + gµν(x, z)dx

µdxν) , (5.20)

g(x, z) = g(0) + z2g(2) + · · ·+ zng(n) + h(n) z
n logz2 +O(zn+1) . (5.21)

The logarithm appears in even dimensions and is related to curved spacetime in the
boundary and Weyl anomaly. There are only even powers up to order (n+1). The power
of Eq. (5.20) is that any asymptotically AdS metric can be written in such manner near
the boundary. The metric stress-tensor is then related to the coefficient g(d) in the near
boundary expansion as [128]

gµν(x, z) ≈ ηµν +
∞∑
n=4

g(n)µν z
n , (5.22)

for d = 4 flat spacetime at the boundary ηµν . If we rescale the stress-energy tensor as
T̂µν(x) = Tµν(x)/κ, with κ = N2

C/(2π
2), one finds

< T̂µν(x) >= g(4)µν . (5.23)

The difficult part left is to solve the full non-linear Einstein equations. Also, if one is in-
terested in deep infrared phenomena, as well as black holes dynamics, then the Fefferman-
Graham formalism may develop true singularities and yield unphysical results. It is nat-
ural since the Fefferman-Graham description is appropriate for describing near boundary
behavior. In the next section we discuss one possible formalism to investigate hydrody-
namical properties and non-equilibrium phenomena in holography.

5.3 Boosted Black Branes

One very important application of holographic methods is to further investigate ther-
mal phenomena of strongly coupled quantum matter. Thermal states in the boundary
should be dual to black hole geometries in the bulk, which is an implementation of the
holographic hypothesis. Entropy in gravitational degrees of freedom scales as the area,



5.3 BOOSTED BLACK BRANES 109

while in quantum field theories it scales with the volume. Therefore, the entropy of a
thermal QFT should be related to the entropy of a gravitational theory in a higher di-
mension. The correspondence AdS/CFT gives a precise map and a regime of validity for
this claim.

The black brane solution in AdS5 is [34, 126, 130]

ds2 =
L2

z2

(
−f(z)dt2 + d~x 2 +

dz2

f(z)

)
,

f(z) = 1− z4

z4
m

. (5.24)

If f(z) = 1, then we recover the Fefferman-Graham AdS5 metric (5.12). Therefore,
the black hole and the black hole horizon are deep infrared phenomena. There is an origin
from supergravity and near horizon limit of a stack of black D3 branes, but we skip
this discussion as it is out of scope of this thesis [130]. We treat Eq. (5.24) as a higher
dimensional classical solution of a black hole in asymptotically AdS spacetime.

The relation to thermodynamical quantities can be calculated through the black hole
area law. The analytically continued near horizon limit of (5.24) is, by the usual definition
ρ2 = 4zm(zm − z), t = −itE and ψ = tE/2ψ [126, 127]

ds2 ≈ κ2
sρ

2dψ2 + dρ2 +
L2

z2
m

d~x 2 , (5.25)

where κs = 2/zm. Periodicity then let us identify the Hawking temperature as

T =
κs
2π

=
1

πzm
. (5.26)

We can also compute the entropy density for the N = 4 SYM discussed in Chapter 2
using Eq. (2.38). The area of the black brane at the horizon, and for a fixed time is simply
[127]

A(t = fixed, z = zm) =

∫ √(
L

zm

)2×3

d3x =

(
L

zm

)3

V3 . (5.27)

The area formula for entropy is (with L3

4G5
= N2

c

2π
) [10, 34]

S =
A

4G5

=
L3

4G5

V3

z3
m

=
π2

2
N2
c V3T

3 . (5.28)
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5.3.1 Eddington-Finkelstein coordinates for Schwarzschild Black

Holes

The black brane metric in Fefferman-Graham construction (5.24) has a coordinate
singularity at the horizon, which indicates that the metric is appropriate for very far
observers to study its dynamics. Here we introduce the Eddington-Finkelstein coordinate
system [127], but first we develop it for Schwarzschild black holes in 4 dimensions and
asymptotically flat spacetimes, which is the Schwarzschild solution

ds2 = −
(

1− rs
r

)
dt2 +

(
1− rs

r

)−1

dr2 + r2dΩ

ds2 = −
(
r − rs
r

)(
dt+

r

r − rs
dr

)(
dt− r

r − rs
dr

)
+ r2dΩ . (5.29)

They are both the same Schwarzschild metric, but in the second line we appropriately
separated the radius and time coordinates. For the substitution dv = dt + r

r−rsdr, which
consequently means dt− r

r−rsdr = dv− 2r
r−rsdr. Therefore, the metric in these coordinates

becomes

ds2 = −
(
r − rs
r

)
dv2 + 2dvdr + r2dΩ . (5.30)

The metric is now off-diagonal, but it has the advantage that the coordinate singularity
of the horizon has vanished. The geodesics of light rays can be easily calculated equating
ds2 = 0,

dp = 0 ,

dr

dp
=

(
r − rs

2r

)
. (5.31)

The first equality denotes ingoing light rays, while the second is outgoing for r > rs

and ingoing r < rs. Therefore, there is no outgoing light rays originating from behind the
horizon, as expected. The advantage of the Eddington-Finkelstein coordinates is that the
regularity of the black hole is manifest. The disadvantage of the metric, apart from its
off-diagonal term, is that the identification of asymptotically far observer’s time is tangled
with the radial coordinate. This fact is crucial when the system is analyzed in the AdS
black brane setup.
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It is possible to integrate dv, and then it is related to the other coordinates as

v = t+ r + rs ln
|r − rs|
rs

. (5.32)

5.3.2 Setup of Boosted Black Brane

We start by changing the Fefferman-Graham coordinates to Eddington-Finkelstein in
the black brane solution. We write Eq. (5.24) but with inverse AdS radius coordinate
r = 1/z,

ds2 = L2

[
−
(
r4 − r4

m

r2

)(
dt+

r2

r4 − r4
m

dr

)(
dt− r2

r4 − r4
m

dr

)
+ r2d~x 2

]
. (5.33)

Now, with the coordinate transformation

dv ≡ dt+
r2

r4 − r4
m

dr , (5.34)

the black brane in Eddington-Finkelstein coordinates becomes (L = 1)

ds2 = 2 dvdr − r2f(r)dv2 + r2d~x 2 , (5.35)

where f(r) = 1− (rm/r)
4.

The isometries of the conformal group in four dimensions allow for a rigid boost of
such metric. Recall that when we discussed the Poincaré patch of the AdS metric we
noticed that the isometries were the usual Poincaré group in 4 dimensions and an extra
dilatation. Rotations and translations leave the solution invariant, while the dilatation
generates temperature 2, and the boosts a unique normalized four-vector. The covariant
result of these symmetries is then the so called boosted black brane solution [39],

ds2 = −2uµdx
µdr − r2f(br)uµuνdx

µdxν + r2∆µνdx
µxν . (5.36)

The Greek indices indicate contractions with the boundary metric, which is the minkowski
metric ηµν . The four-vector uµ is identified as the usual fluid velocity four-vector, and its
norm is unity uµuµ = −1. We set rm = 1, AdS radius L to unity and then the parameter
b is related to the Hawking temperature as b = 1/(πT ). We rewrite the definition of the
four-velocity orthogonal projector ∆µν = ηµν + uµuν . In the next section we review the
Fluid/Gravity correspondence for the Navier-Stokes theory, which consists of implement-
ing the gradient expansion on a boosted black brane solution. We show the Penrose and

2Since if one rescales the fifth coordinate, it effectively changes the black hole temperature defined by
the function f(r), while the boundary coordinates can just absorb the rescaling factor.
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Kruskall-Szekeres diagrams of an extended AdS planar black hole solution in Figs. 5.4
and 5.5.

5.4 Fluid-Gravity correspondence and the gradient ex-

pansion

The rigid boosted black brane Eq. (5.36) is an exact solution of Einstein’s Eq. (5.13).
However, if we promote the four-velocity and the inverse temperature b as functions of the
boundary coordinates xµ, there are very complicated constraints on the exact form of the
functions uµ(xµ) and b(xµ). The argument of the fluid-gravity correspondence is that if
the deviations from equilibrium are truncated order by order by a small parameter, then
Einstein’s equation can also be truncated order by order on the boundary coordinates.
We represent this construction in the Penrose diagram Fig. 5.6. What is interesting about
this construction is that the integral over the AdS radius r is not approximated, it is
just truncated order by order. Therefore, up to a certain order of expansion δxµ, the
renormalization group interpretation of the fifth coordinate then implies that at each order
the whole towering of ultraviolet and infrared operators are taken under consideration.

We follow the original notation [39] and then parametrize the four-velocity as uµ =

( 1√
1−β2

i

, βi√
1−β2

i

). The ansatz metric is then

ds2 = −2uµ(xα)dxµdr − r2f(b(xα)r)uµ(xα)uν(x
α)dxµdxν + r2∆µν(x

α)dxµxν . (5.37)

and the boundary values vary slowly in a gradient expansion (as it is the case of the
known Chapman-Enskog construction in kinetic theory)

βi(x
α) = β

(0)
i + ε β

(1)
i (xα) +O(ε2) , (5.38)

b(xα) = b(0) + ε b(1)(xα) +O(ε2) . (5.39)

and we are interested in a gradient expansion solution to Einstein’s equation,

G = G(0)(βi, b) + εG(1)(βi, b) + ε2G(2)(βi, b) +O(ε3) , (5.40)

where G(0)(βi, b) is Eq. (5.37). The solution order by order is supposed to hold if
gradients are not large compared to a local temperature, i.e., ∂uµ/T and ∂logT/T are of
comparable to ε� 1.
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There is gauge redundancy and we adopt the one used in the original calculation of
the background field, which implies [39]

Grr = 0 , Grv ∝ uµ , Tr
(
(G(0))−1Gn

)
∀n > 0 . (5.41)

The constraint equations consist of solving first order equations on r, which result
from a projection of Eq. (5.13) in the radial direction, the one form ξN = dr,

EMNξ
N = 0 , (5.42)

On the other hand, the dynamical equations can be solved taking advantage of the
rotational symmetry SO(3) of the boosted black brane in AdS5. The dynamical equations
then consist of finding the scalar, vector, and tensor corrections at a given order to the
metric. This will be the procedure used in order to find the Navier-Stokes dual. Ref. [39]
exposes a general form of the radial operator and the existence of a source term order by
order, but since we only wish to solve for Navier-Stokes in this thesis, we refer the reader
to the references for such discussions.

5.4.1 Construction of the Navier-Stokes dual

In order to find a truncated solution to Einstein’s equation, we use the expansion
Eq. (5.40) up to first order. It is possible for simplify to solve it when the background is
simply b(0) = 1 and β

(0)
i = 0, then use the symmetries to boost and dilate to a general

temperature and four-velocity. For the perturbations of temperature and velocity of first
order,

β0
i → xµ∂µβ

(0)
i (xα) +O(ε2) , b0 → 1 + xµ∂µ b

(0) +O(ε2) . (5.43)

For such expansion of temperature and velocity, the metric Eq. (5.37) becomes up to
first order of derivatives of the boundary coordinate

ds2
(0) = 2 dv dr − r2 f(r) dv2 + r2 dxidx

i

−2xµ ∂µβ
(0)
i dxidr − 2xµ∂µβ

(1)
0 r2(1− f(r)) dxidv − 4

xµ∂µb
(0)

r2
dv2 . (5.44)

We follow the notation of Ref. [39] and then add the following first order correction
to truncate Einstein’s equation,
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ds2
(1) = −3h1(r) dv dr + r2h1(r)dxi dx

i +
k1(r)

r2
dv2 +

2j
(1)
i (r)

r2
dvdxi + r2α

(1)
ij dx

i dxj .

(5.45)

Scalars

First, we solve for the scalar degrees of freedom. They only involve the functions h1

and k1 (5.45), which were constructed respecting the system’s gauge condition.The first
interesting constraint equation EMNξ

N is then the temporal component of such, EvNξN ,

r2f(r)Erv + Evv = 0 . (5.46)

The solution is simply the energy conservation equation

∂vb
(0) =

∂β
(0)
i

3
. (5.47)

The second constraint involves the scalar functions h1(r) and k1(r) and it is the AdS
radial direction of the constraint equation, r2f(r)Err +Evr = 0. After some calculations,
one finds the equality

2r2∂iβ
(0)
i + 12 r3h1(r) + (3r4 − 1)h

′

1(r)− k′

1(r) = 0 . (5.48)

There is non-uniqueness in an extra constraint necessary to solve the equation above.
However, such can always be resolved by redefining the physical fields βi and b, therefore
there is not an inconsistency in this freedom. We follow Ref. [39] and write the extra
constraint as

5h
′

i(r) + rh
′′

1(r) = 0 . (5.49)

The function h1(r) is then an homogeneous excitation, and the integrated results are

h1(r) = s+
t

r4
, k1(r) =

2r3∂iβ
(0)
i

3
+ 3r4s− t

r4
+ u . (5.50)

The integrated constants s, t and u may be set to zero due to boundary conditions,
radial symmetry and orthogonality of the energy-momentum tensor to the boundary four-
velocity, as explained in [39]. Therefore, the non-trivial metric contribution of the scalar
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sector is then

ds2
(1) =

2r∂iβ
(0)
i

3
dv2 + · · · . (5.51)

Vector

The vector constraint equation is any ith equation r2f(r)Eri + Evi = 0. The resulting
conservation is the ideal momentum equation

∂ib
(0) = ∂vβ

(0)
i . (5.52)

We solve the dynamical equation Eri = 0 for the vector function parametrized as
2j

(1)
i (r)

r2
dvdxi, which results in

r
d2

d r2
j

(1)
i (r)− 3

d

d r
j

(1)
i (r) = −3r2∂v β

(0)
i , (5.53)

with solution

j
(1)
i (r) = ∂vβ

(0)
i r3 + A1

r4

4
+B1 . (5.54)

The integration constants can be set to zero, as A1 is non-renormalizable and the
boundary condition imposes such, and B1 is effectively a shift in the boundary velocity
only (compare to Eq. (5.36)). Therefore, the vector contribution is

ds2
(1) = · · · + 2r∂vβ

(0)
i dv dxi + · · · . (5.55)

Tensor

Finally, we can solve the tensorial degree of freedom. Einstein’s Equation Eij leads to
the following condition for the first order function r2α

(1)
ij dx

i dxj,

d

d r

(
r5 f(r)

d

d r
α

(1)
ij

)
= −6r2σ

(0)
ij , (5.56)

where the shear tensor obeys its usual definition σµν = ∆µναβ∂αuβ. The resulting
integral is

α
(1)
ij = C2 + C1ln

[
r4(1− r)

(1 + r)(1 + r2)

]
−
σ

(0)
ij

4

[
4arctan(r) + ln

(1− r2)

(1 + r2)

]
. (5.57)

Requiring that the solution is regular at the horizon (in these calculations at r = 1),
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and choosing the appropriate constants of integration, we recover the function encountered
in [39], with the tensorial contribution being

r2α
(1)
ij dx

i dxj = 2r2F (r)σ
(0)
ij dx

i dxj = lim
r→∞

2

(
r − 1

4r2

)
σ

(0)
ij dx

i dxj (5.58)

And the function is

F (r) =
1

4

[
π − 2arctan(r) + ln

(1 + r2)(1 + r)2

r4

]
. (5.59)

Navier-Stokes dual metric

Finally, we can write the total metric that solves Einstein’s equation to first order in
gradient expansion.

ds2 = 2 dv dr − r2 f(r) dv2 + r2 dxidx
i

−2xµ ∂µβ
(0)
i dxidr − 2xµ∂µβ

(1)
0 r2(1− f(r)) dxidv − 4

xµ∂µb
(0)

r2
dv2 .

+2r2F (r)σ
(0)
ij dx

i dxj +
2

3
r∂iβ

(0)
i dv2 + 2r∂vβ

(0)
i dvdxi . (5.60)

We write the above metric in a boundary-covariant manner using the notation in [52]
,

ds2 = −2uµdx
µ(dr + rAν) + r2ηµνdx

µdxν +
1

b4r2
uµuνdx

µdxν + 2br2F (br)σµνdx
µdxν ,

Aµ = Duµ −
1

3
θ uµ , b =

1

πT
. (5.61)

The stress-energy tensor at the boundary is then obtained using Eq.(5.19) ,

T µν =
1

b4
(4uµuν + ηµν)− 2

b3
σµν , (5.62)

If we recover the factors of Nc, gives the famous holographic calculation of the shear
viscosity coefficient over the entropy density Eq. (5.28)of N = 4 SYM [10],

η

s
=

1

4π
. (5.63)

This procedure has been done for higher orders of gradient expansion and other asymp-
totically AdS5 metrics [39, 61, 62].

Throughout this thesis, we showed many inconsistencies of the relativistic Navier-
Stokes theory, as well as the higher order corrections constructed by the gradient expansion
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truncation. For instance, the temperature becomes negative, which means that at some
point it has to be zero. Therefore, this is equivalent to reaching the black brane singularity
at r = 0, which is a big inconsistency. Of course, the problem lies in the regime of validity:
Navier-Stokes and the general gradient expansion theories have a very limited applicability
to phenomena very close to equilibrium and at very large times. Therefore, if one wants
to access the true dynamics connected to more rapidly flow patterns, hydrodynamics
constructed via the gradient expansion is definitely not the right effective theory.

The natural question is whether it is possible to write an effective theory that general-
izes the gradient expansion approach, as the Israel-Stewart formalism did in kinetic theory.
We do not know how to answer such a question, but we discuss some future guidelines in
the next section.

5.5 Connection to Quasinormal Modes and effective

theory?

We briefly overview the results of the literature on numerical relativity methods to
study real-time holographic phenomena [44, 45], as well as the physics of the quasinormal
modes and implications to hydrodynamics. These topics are very rich and should be
studied with proper care. Here we only sketch some results and discuss how future work
could be done in that direction.

5.5.1 Brief exposure to numerical setup up

Suppose we want to write a very general metric in asymptotically AdS5 space with
Eddington-Finkelstein coordinates, i.e., everywhere regular. We could use for instance the
ansatz [44]

ds2 = dv(−Adv + 2dr + 2Fidx
i) + S2hijdx

idxj , (5.64)

where A, Fi, S, hij are generic functions of all the coordinates and it is imposed that
det[hij] = 1. This ansatz has been used for evolution of numerical simulation in AdS5 [44].

It is necessary to have an initial condition for hij(v = 0, r, xi) and boundary conditions
for A and Fi at infinity. The rest is fixed by the dynamics of Einstein’s equations. The
biggest complication of not using some sort of truncation method is that Einstein’s equa-
tions are highly non-linear and despite having few variables and functions, the problem
easily becomes intractable.

One simplification is to work the homogeneous relaxation scenario, where every vari-
able is either a function of the time v and the AdS radius r. This problem is intimately
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connected via coordinate transformation to the case discussed in [44]. This is a future
problem to tackle, but we only present here for completeness.

In reference, the investigated solution is homogeneous in the boundary coordinates
xi = (xL, ~xT ), but there is a time dependent anisotropy in the boundary stress-energy
tensor, TxLxL(v) 6= TxT xT (v). The authors then used the following ansatz for their metric
tensor,

ds2 = 2dvdr − Adv2 + S2e−2Bdx2
L + S2eBdx2

T , (5.65)

and A, S and B are functions of the AdS radial coordinate and time v. The authors
considered the holographic renormalization in this coordinate system to lead the following
near boundary expansion,

A = (r + ξ(v))2 − 2∂vξ(v) +
a4

r2
+ · · · , (5.66)

B =
b4(v)

r4
+
∂vb4(v)− 4b4(v)ξ(v)

r4
+ · · · , (5.67)

S = r + ξ(v)− b4(v)2

7r7
. (5.68)

The symmetry ξ(v) is a residual gauge symmetry. The details of such constructions can
be found in references. The authors identified the normalizable modes with the coefficients
a4 and b4 [44],

ε = pL(v) + 2pT (v) = −3a4

4
, ∆p = pL(v)− pT (v) = 3b4(v) . (5.69)

and the stress-energy tensor is simply < T µν >= N2
c

2π2 diag[ε, pL(v), pT (v), pT (v)].
It is convenient to write Einstein’s equations in a form that makes the symmetries of

the problem manifest. For this construction, Einstein’s equations are simply written as
[44, 45]
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S ′′ +
1

2
B′2S = 0 , (5.70)

S(Ṡ)′ + 2S ′Ṡ − 2S2 = 0 , (5.71)

S(Ḃ)′ +
3

2

(
S ′Ḃ +B′Ṡ

)
= 0 , (5.72)

A′′ + 3B′Ḃ − 12
S ′Ṡ

S2
+ 4 = 0 , (5.73)

S̈ +
1

2

(
Ḃ2S − A′Ṡ

)
= 0 . (5.74)

with the definition of derivatives

h′ ≡ ∂rh , ḣ ≡ ∂th+
1

2
A∂rh . (5.75)

The goal for a near future project is then to understand how the near-boundary ex-
pansion Eq. (5.68) can be achieved from different metric ansatz and symmetries, as well
as the relevant Einstein equations in the form (5.74) (another construction can be found
in Ref. [45]). This is the next step to understand non-equilibrium physics in holography
and a different regime from the fluid-gravity correspondence. The simplest example is
then homogeneous relaxation, where all spatial gradients are zero and the only non-trivial
differential equation is

O(D,D2,∇2
⊥, · · · ) πµν(v) = 0 , (5.76)

where we do not know exactly the operator O. It is however interesting to note that
the complicated non-linear dynamics of this numerical setup is directly connected to the
quasinormal modes. In fact, studies showed that the late time behavior approximates well
the lowest quasinormal modes dynamics [119, 131].
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Figure 5.1: A representation of Anti-de Sitter space as the embedded hyperboloid given by Eq.
(5.2). Notice the closed timelike curves in the τ direction.
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Figure 5.2: A Penrose diagram of Minkowski space R1,p for p > 1. Each point in the plane
represents a fixed point in the sphere Sp−1. This space can be analytically continued outside the
triangle, which results in the geometry of Einstein static universe with topological structure R⊗Sp.
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Figure 5.3: A Penrose diagram of Anti-de Sitter space AdSp+2. Each point in the plane rep-
resents a fixed point in the sphere Sp. The geometry is half of the Einstein static universe
(0 < θ < π/2) and topological structure R⊗ Sp. AdS space has a timelike boundary.
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Figure 5.4: A Penrose diagram for an extended AdS planar black hole solution. The spacetime
of this extended solution has four regions and two AdS boundaries. Region I covers the outside of
black hole as measured by a distant observer, region II is just an identical copy. Regions III and
IV contain spacelike singularities. [1].
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Figure 5.5: Kruskall-Szekeres diagram for an extended AdS planar black hole solution. We
represent an in falling radial light ray that crosses the horizon H+ and hits the singularity, as
well as an outgoing radial light ray that is originated outside the horizon H+.
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Figure 5.6: Penrose diagram for an extended AdS planar black hole solution in the Fluid-Gravity
construction. We represent an infalling radial light ray that originates from the boundary, crosses
the future horizon H+ and hits the singularity. The Fluid-Gravity construction is the tubewise
approximation represented by the two dashed lines around the ingoing light ray.



Chapter 6

Conclusion and Outlook

The main goal of this thesis was to investigate the structure of the relativistic dissi-
pative hydrodynamics in several contexts.

In Chapter 2 we found for the first time a radially expanding and time evolving causal
and consistent semi-analytical solution of dissipative relativistic hydrodynamics in the
conformal approximation. One immediate advantage of such is that it provides a test for
numerical hydrodynamics simulations. There has been an increasing effort towards a state-
of-art simulation of the hydrodynamical phase of QGP for comparison to data; therefore,
the need for a rigorous and “simple” check of numerical codes is clearly of relevance.
Another property of solutions investigated is the influence of the initial condition for
the dissipative tensor. The choice of an appropriate initial condition guarantees that the
second law of thermodynamics holds for the whole spacetime. In all the analytic and semi-
analytic cases studied, the gradient expansion theories contained regions with instabilities,
violation of physics laws, and negative temperatures.

In the next chapter, the focus shifted to study the influence of the second order co-
efficient of relaxation time, τπ, in nonlinear wave propagation. The conclusion was that
relaxation time amplifies the solitonic behavior of pulses in a toy 1 + 1 model, but the
consistency of the study depended on the initial profile. For very steep gradients, our
solution grew larger and the perturbative method should not be trusted. The main lesson
is that hydrodynamic truncations may not give the appropriate effective theory for very
steep and irregular initial conditions.

The structure of linear perturbations of relativistic dissipative fluids was the main
focus in Chapter 4. We reviewed the existing literature, as well as introduced a covari-
ant formalism that revealed much of the structure of the higher order corrections. We
showed how gradient expansion theories of second and third order were generally and in-
herently unstable. We associated the different degrees of freedom for different background
velocities as one of the main sources of inconsistencies, which is generally cured by trun-
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cating derivatives of πµν in a similar way to Israel-Stewart theory. Of course, for higher
derivatives the solution should be spurious and is expected to fail, therefore it seems that
the appropriate strategy is to look for non-equilibrium physics instead of truncating an
asymptotic series.

The spirit of chapter 5 was to introduce the fluid/gravity correspondence and the
associated higher dimensional gravity solutions to fluid dynamics in the boundary. There
is an existing map of such solutions, which is the holographic implementation of the
Chapman-Enskog method [40]. Since the gradient expansion theory contains instabilities,
it should be possible to find another consistent low-energy theory that corrects such
behavior, similar to what Israel-Stewart theory did in kinetic theory. We discussed how
the truncation of Einstein’s equations beyond the linear quasinormal modes is a very
non-trivial problem, which involves global regularity and deep infrared problems in the
bulk.

6.1 Future Directions

The study of the full nonlinear Einstein’s equations in order to understand homo-
geneous relaxation is the first step to understand the non-hydrodynamical behavior of
fluids in AdS/CFT. It is possible that in the structure of the bulk’s dynamical equations
there is a logical infrared truncation of the dissipative tensor. However, it seems that
if non-linearity is taken into account, the whole tower of modes should be integrated.
One advantage of the gradient expansion method is that there is naturally a truncation
of Einstein’s equation order by order, the boundary variables and their gradients, but
homogeneous relaxation possesses none of these.

Another interesting question that requires a full study of Einstein’s equations is the
role played by irregular initial conditions on late time evolution. If there is a significant
deviation, then hydrodynamics should literally be taken as the effective theory only when
all quantities are very well-behaved and deep in the infrared regime.



Appendix A

The Conformal Group

We briefly sketch the properties of the conformal group in this Appendix. We followed
the discussion in Ref. [48, 126, 130]. For this appendix, we use the metric signature
gµν = diag(−1, 1, 1, 1).

A conformal transformation has the properties of preserving angles upon a Weyl trans-
formation ds2 → Ω(x)2ds2. The Poincaré algebra is just the special case Ω(x)2 = 1. For
instance, for two vector uµ and vµ, we have

cos θ =
uµ vµ√

uν vν
√
uλ vλ

→ u
′µ v′µ√

u′ν v′ν

√
u′λ v′λ

= cos θ
′
= cos θ . (A.1)

In order to find its generators, consider the following infinitesimal transformation

xµ → xµ + εµ(x) , gµν → ηµν − (∂µεν + ∂νεµ) . (A.2)

For the transformation to be just an overall factor of the metric, we need to impose
that

(∂µεν + ∂νεµ) = f(x)ηµν , (A.3)

If we take the trace (ηµν) of Eq. (A.3), we have the definition of the function in terms
of the infinitesimal transformation,

f(x) =
2

d
∂ρε

ρ . (A.4)

Then we can rewrite Eq. (A.3) as

(∂µεν + ∂νεµ) =
2

d
∂ρε

ρηµν , (A.5)
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If we differentiate the left hand side of the equation above with respect to µ, and with
the usual box definition ∂µ∂µ ≡ �,

�εν + (1− 2

d
)∂ν∂ρε

ρ = 0 . (A.6)

In two dimensions, the conformal algebra is the class of holomorphic functions of
complex variables (because of identity �εν = 0).

For d > 2, we do the following operations: box Eq. (A.5) and take a derivative with
index ∂µ Eq. (A.6). Then, we have the identity involving three derivatives,

(2− d)∂µ∂ν∂ρε
ρ = � ∂ρε

ρ ηµν , (A.7)

and its trace implies that

∂µ∂ν∂ρε
ρ(x) = 0 . (A.8)

Therefore, the infinitesimal transformation is a most a quadratic function of the coor-
dinates x. We identify the following symmetries then,

Translation : εµ = aµ , (A.9)

Dilatation : εµ = λxµ , (A.10)

Rotation : εµ = ωµνx
ν , (ωµν = −ωνµ) , (A.11)

Special Conformal Transformation : εµ = bµ~x · ~x− 2(~x ·~b)xµ . (A.12)

We can also write the generators of the following symmetries. Following the convention
in [48], we have

xµ
′
= xµ + εµ(x) = xµ + θa

δ xµ

δ θa
, (A.13)

Φ
′
(x

′
) = Φ(x) + θa

δF(x)

δθa
, (A.14)

where θa is just a parametrisation of the infinitesimal symmetries, and F(Φ) ≡ Φ
′
(x

′
)

is the appropriate operation of a general field transformation in such a manifold. The
generator is the symmetry transformation at the same point,
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δθΦ(x) = Φ
′
(x)− Φ(x) ≡= −iθaGaφ(x) , (A.15)

iGaΦ =
δxµ

δθa
∂µΦ− δF

δθa
. (A.16)

We write here the generators for these infinitesimal symmetries,

Translation : Pµ = −i∂µ , (A.17)

Dilatation : D = −ixµ∂µ , (A.18)

Rotation : Lµν = i(xµ∂ν − xν∂µ) , (A.19)

Special Conformal Transformation (SCT) : Kµ = −i(x2∂µ − 2xµx
ν∂ν) . (A.20)

and the generators of the conformal algebra

[D,Pµ] = iPµ , (A.21)

[D,Kµ] = iKµ , (A.22)

[D,Lµν ] = 0 , (A.23)

[Kµ, Pν ] = −2i(ηµνD − Lµν) , (A.24)

[Kρ, Lµν ] = −i(ηρµKν − ηρνKµ) , (A.25)

[Pρ, Lµν ] = i(ηρµPν − ηρνPµ) , (A.26)

[Lµν , Lρσ] = i(ηνρLµσ + ηµσLνρ − ηµρLνσ − ηνσLµρ) , (A.27)

The generators can be recombined in the form

Mµν = Lµν , Mµd =
1

2
(Kµ − Pµ) , Mµ (d+1) =

1

2
(Kµ + Pµ) , Md (d+1) = D . (A.28)

The Lorentz group in d = p+ q dimensions labeled as (p, q), SO(p, q), is related to the
conformal group SO(p+ 1, q + 1), just like the redefinition of the above generators made
it explicit. So, for d = 4, the Lorentz group SO(3, 1) with the inclusion of dilatation and
special conformal transformations is related to the conformal group SO(4, 2). We have
used this fact many times when discussing symmetries of the conformal group in Chapter
2, as well as the isometry group of AdS in Chapter 5.

The integrated special conformal transformation symmetry can be achieved by a
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change of variables ~y = ~x
x2
, and integrating d~x/dλ = bµ~x · ~x− 2(~x ·~b)xµ, which gives

xµ → xµ + bµ~x 2

1 + 2~x ·~b+ ~x 2~b 2
. (A.29)

Another way to write the SCT is

x
′µ

~x ′ · ~x ′ =
xµ

~x · ~x
+ bµ . (A.30)

This form makes it exploit its relation to translations and inversions. The transforma-
tion consists of an inversion, then a translation, and then again an inversion. The SCT
relation to translations and as a symmetry in the conformal group was the motivation for
substituting the translation symmetry in the Bjorken flow to a special conformal symme-
try, which resulted in the Gubser flow, and was explored in Chapter 2 to solve analytically
and semi-analytically dissipative conformal hydrodynamic theories.



Appendix B

Hydrodynamics and Weyl
transformations

Many results in this thesis depend on the assumption of conformal symmetry, so
in this Appendix we overview how hydrodynamics behave under Weyl transformations
on the metric. One advantage of carefully discussing these issues is that it makes the
symmetry argument more explicit. In Appendix A we reviewed briefly the properties of
the conformal group. In this Appendix we follow references [52, 132] and use the metric
signature gµν = diag(−1, 1, 1, 1).

First, we want to show that the equations of hydrodynamics that we constructed are
conformally invariant. For such, we want to study how the several variables of interest
change upon a metric transformation,

gµν → e2 Ω(x) ĝµν . (B.1)

The first important remark is that a conformal transformation is not a simple coordi-
nate transformation. For instance, there are several curved spacetimes that are conformally
mapped to Minkowski, in fact we investigated one of such when we analyzed the Gubser
flow. Conformal transformations may relate two spacetimes described by the same coor-
dinate charts, but with different curvature. It is a rather special assumption, and theories
that are conformally invariant are very restrictive and symmetric.

We say that a quantity has weight w if under Eq. (B.1) it transforms as

X → e−wΩ(x) X̂ . (B.2)

If we use Gubser’s notation [52], where [X] denotes the conformal weight of such
variable, we have that the covariant and contravariant metric tensors transform as

132
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[gµν ] = 2, [gµν ] = −2 . (B.3)

The stress-energy tensor is calculated from the metric and the partition function.
When the theory is conformally anomaly-free, which happens only on higher orders, the
partition function is conformally invariant. Also, the conformal weight of the determinant
of the metric is

√
−g →

√
ed 2Ω(x)ĝ → edΩ(x)

√
−ĝ ,[√

−g
]

= −d . (B.4)

Therefore, the definition of the stress-energy tensor implies that

〈T µν〉 =
2√
−g

δlnZ
δgµν

, (B.5)

which results in

[T µν ] = d+ 2 , [Tµν ] = d− 2 . (B.6)

The four-velocity has invariant norm, gµνuµuν = gµνuµuν = −1, which implies that
the conformal weights are [uµ] = 1 and [uµ] = −1. From Eq. (2.5), we conclude that the
conformal weight of the energy density is [ε] = d, which is 4 in our examples. Finally, it
follows that the conformal weight of temperature is simply [T ] = 1.

In [132], the author defines a covariant derivative which takes the natural time-like
normalized vector in hydrodynamics, the quadrivelocity, and induce a special connection
in a manifold with conformal structure. We will enunciate its form, but we find an explicit
construction didactic and illustrative. In order to simply the notation, we will drop that
Ω(x) is a function of the coordinates, we leave that meaning implicit.

First, the expansion rate has the following transformation rule

θ = ∇µu
µ =

∂µ(
√
−g uµ)√
−g

→ e−Ω
(
θ̂ + (d− 1)D̂Ω

)
, (B.7)

where the notation upper-hat means D̂ ≡ ûµ∂µ and θ̂ ≡ ∇̂µû
µ. The expansion rate by itself

is clearly not conformal invariant. However, it is fundamental in our constructions. For
instance, we analyze the simplest scenario under conformal transformations, the derivative
of the temperature. The combination that appears in the conservation of energy (2.20) is
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a conformal covariant, as

DT +
Tθ

d− 1
→ e−2Ω

(
D̂T̂ +

T̂ θ̂

d− 1

)
, (B.8)

in which the contributions that depend on the derivative of the function Ω cancel
identically. The general structure is however more complicated, as it involves derivatives
of four vectors and tensors. Therefore, we need to write down the transformation rule of
the Levi-Civita connection, which is a straightforward calculation from its definition,

Γαµν =
1

2
gαβ (∂µgνβ + ∂νgµβ − ∂βgµν) ,

Γαµν → Γ̂αµν +
(
δαν ∂µΩ + δαµ∂νΩ− ĝµν ĝαβ∂βΩ

)
. (B.9)

It is possible to find the transformation of the derivative of the four-velocity, which is

∇µu
ν → e−Ω

(
∇̂µû

ν + δνµ D̂Ω− ûµĝνλ∂λΩ
)
. (B.10)

It follows from Eq. (B.10) that the calculation of the shear tensor, which is also con-
formal covariant, gives

σµν → e−3Ωσ̂µν . (B.11)

The derivative of the shear tensor is necessary in the second order gradient expansion
theory (2.16), and the derivative of the shear tensor in the Israel-Stewart (2.17). Even
though they have a different weight under conformal transformation, both are symmetric,
traceless and orthogonal to the four-velocity vectors. Therefore, it is easier to calculate
the derivative of a general tensor with conformal weight ω, i. e., Bµν → e−ωΩB̂µν , and the
same properties of being symmetry, traceless and orthogonal to uµ. This is a long but
direct calculation involving the the Levi-Civita connection transformation (B.9),

DBµν → e−(ω+1)Ω
(
D̂B̂µν − (ω + 2)B̂µνD̂Ω + ûµB̂αν ∂αΩ + ûνB̂αµ∂αΩ

)
,

DB<µν> → e−(ω+5)Ω
(
D̂B̂<µν> − (ω + 2)B̂µνD̂Ω

)
. (B.12)

The procedure to eliminate the dependence on the derivative of the conformal factor
is analogous to the temperature case,(

DB<µν> +
(ω + 2)

d− 1
θB
)
→ e−(ω+5)Ω

(
D̂B̂<µν> +

(ω + 2)

d− 1
θ̂B̂
)
. (B.13)
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Finally, as [σµν ] = −1 and [πµν ] = 2,(
Dσ<µν> +

1

d− 1
θ σµν

)
→ e−4Ω

(
D̂σ̂<µν> +

1

d− 1
θ̂ σ̂µν

)
, (B.14)

and (
Dπ<µν> +

4

d− 1
θ πµν

)
→ e−7Ω

(
D̂π̂<µν> +

4

d− 1
θ̂ π̂µν

)
, (B.15)

which are exactly the contributions in Eqs. (2.16) and (2.17).
It is straightforward then to conclude that the other contributions are conformal co-

variants, as there are no other terms containing derivatives. This whole discussion should
resemble general arguments in constructing gauge theories and local gauge symmetry. It
is no coincidence that this mathematical structure is known from Weyl [133], whose early
efforts were related to a geometrical unified theory of electromagnetism and general rela-
tivity. In the work of Loganayagam, the covariant derivative and gauge theory structure
are more evident. Even though we already explicitly calculated the relevant terms for
this thesis under conformal transformation, we present the so called Weyl derivative for
completeness. We define the following derivatives related to the four-velocity,

θ ≡ ∇µu
ν → e−Ω

(
θ̂ + (d− 1)D̂Ω

)
,

aν ≡ Duν → e−2Ω
(
âν + ∆̂νσ∂σΩ

)
,

Aν ≡ aν −
θ

d− 1
uν → Âν + ∂νΩ . (B.16)

And for a tensorial field T µ ···ν ··· → e−ωΩ T̂ µ ···ν ··· , with conformal weight ω, its Weyl deriva-
tive D will also transform with the same weight, DλT µ ···ν ··· → e−ωΩ D̂λT̂ µ ···ν ··· for the following

DλT µ ···ν ··· ≡ ∇λT
µ ···
ν ··· + ωAλT µ ···ν ···

+
(
gλαAµ − δµλAα − δ

µ
αAλ

)
Tα ···ν ··· + · · ·

−
(
gλνAα − δαλAν − δανAλ

)
T µ ···α ··· − · · · . (B.17)

Notice that these definitions are consistent with the explicit results we calculated
in this section. There is a geometrical motivation for constructing such derivatives, as
for a manifold with a conformal structure, there is a general class of one-forms we can
specify the conformal connection for conformal equivalent sets of metric. The choice of
the Weyl derivative is related to the more general concept in differential geometry of Weyl
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connection, and by construction, Dλgµν = 0. The one-form is uniquely fixed by requiring
zero comoving derivative uµDµuν = 0 and the expansion rate Dµuµ = 0.



Appendix C

The de Sitter space

The Gubser solution carefully discussed in Chapter 2 is manifestly more powerful
when analyzed in the curved space with global coordinates in dS3⊗R. We expose in this
appendix some properties of de Sitter spacetime that is relevant to obtain some geometric
intuition. This appendix is based on Refs. [127, 134].

Suppose the following embedding in (d+ 1) Minkowski space

ηMNX
MXN = −(X0)2 + (X1)2 + · · ·+ (Xd)2 = L2 . (C.1)

We call this geometrical object the dSd de Sitter spacetime. One simple interpretation
of time slices is that for every fixed X0, the remaining coordinates form a sphere Sd−1 with
radius

√
L2 + (X0)2. The topology of this spacetime is then R ⊗ Sd−1. Also, notice that

the minimum radius of the sphere is L, and of course infinity corresponds to X0 = ±∞.
The symmetry group of dSd is the Lorentz group O(1, d), and this is a maximally

symmetric space, which implies a constant curvature. Also, dSd is a solution of Einstein’s
equation with positive cosmological constant,

RMN −
R

2
gMN + ΛgMN = 0 , Λ =

(d− 2)(d− 1)

2L2
. (C.2)

The differential form of Eq. (C.1) is simply

−X0dX0 +X1dX1 + · · ·+XddXd = 0 . (C.3)

The d− 1 sphere is parametrized with d− 1 as usual [134],

137



THE DE SITTER SPACE 138

Figure C.1: Pictorial representation of de Sitter space, with the horizontal direction representing
the sphere Sd−1. Notice that the sphere has a minimum nonzero size at ρ = 0 (global coordinates).

ω1 = cos θ1 ,

ω2 = sin θ1 cos θ2 ,

...

ωd−1 = sin θ1 · · · sin θd−2 cos θd−1 ,

ωd = sin θ1 · · · sin θd−2 sin θd−1 . (C.4)

The angles are limited by 0 ≤ θi < π if 1 ≤ d− 1, but 0 ≤ θd−1 < 2π. By definition, it
sums up to unity,

∑d
i=1(ωi)2 = 1. The metric on the sphere Sd−1 with unit radius is then
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parametrized as

dΩ2
d−1 =

d∑
i=1

(dωi)2 = dθ2
1 + sin2 θ1dθ

2
2 + · · ·+ sin2 θ1 · · · sin2 θd−2dθ

2
d−1 . (C.5)

It clearly reduces to the usual angular part of spherical coordinates for d = 2. The
global coordinates of de Sitter is then obtained by the following coordinate parametriza-
tion

X0 = L sinh ρ ,

X i = Lωi cosh ρ , i = 1, · · · , d . (C.6)

Notice how the angles ωi make the isometry Sd−1 manifest and the parameter ρ ranges
from −∞ < ρ <∞. The topology of the space is then R⊗Sd−1. Hyperbolic functions are
necessary as we need cosh2 ρ − sinh2 ρ = 1 in order to satisfy Eq. (C.1). Inserting these
definitions in Eq. (C.3), we finally have the induced metric on dSd on global coordinates
becomes (setting L = 1)

ds2 = −dρ2 + cosh2ρ dΩ2
d−1 . (C.7)

Due to the cosh factor, it follows that the minimum radius of the Sd−1 sphere is unity
(for L = 1).

For the Gubser flow, we had the factor dS3, which is then simply

ds2 = −dρ2 + cosh2ρ (dθ2 + sinθ2 + dφ2) , (C.8)

which agrees with Eq. (2.53) apart from the extra direction R, consequence of boost
invariance in the Gubser flow.



Appendix D

The RPM method in Israel-Stewart
Hydrodynamics

Here we focus on the detailed calculations involved in Chapter 3. The RPM method is
used in the simplest conformal relativistic Israel-Stewart hydrodynamics equations (3.2),
(3.3) and (3.4).

From the property of the dissipative tensor uµπµν = 0 we can write

πtt = v2πxx and πtx = πxt = vπxx . (D.1)

Notice that even though the RPM perturbative scheme does take into consideration
nonlinearities, we can the general form of the flow, uµ = (γ,−γv, 0, 0), to write all the
possible contributions of the shear tensor components. Since it is traceless, its diagonal
components are related as

gµνπ
µν = πtt − πxx − πyy − πzz = 0 ,

π⊥ ≡ πyy = πzz ,

π⊥ =
(v2 − 1)

2
πxx . (D.2)

Using the conservation of energy, the term that contains the dissipative tensor in Eq. (3.2)
can be written as a function of the x coordinate (using the previous relations)

πµνσµν =

(
3

2
− v2 +

3

2
v4

)
πxxσxx . (D.3)

The same can be done for the dissipative contribution in the momentum equation Eq.
(3.3):

∆x
µ∂νπ

µν = v∂tπ
xx + ∂xπ

xx . (D.4)

140



THE RPM METHOD IN ISRAEL-STEWART HYDRODYNAMICS 141

Now, for more general flow patterns the relaxation equation Eq. (3.4) will couple the
different components of the dissipative tensor. However, in our particular case regarding
this 1 + 1 flow pattern, different components do not couple and the relevant term simply
becomes

∆x
α∆x

βDπ
αβ = γ4(1− v2)2Dπxx = Dπxx . (D.5)

Therefore, our analysis is consistent (and simple) and does not require any further ap-
proximation regarding the mixing of different shear stress tensor components.

Using ε0/κ T0
4 = 3/4 and (D.1) in (3.2), (3.3) and (3.4), performing the operations

(a) to (c), we find:

σ

{
− ∂ε1

∂X
+

4

3

∂v1

∂X

}
+ σ2

{
− ∂ε2

∂X
+

4

3

∂v2

∂X
+
∂ε1

∂Y
+ v1

∂ε1

∂X
− 4

9
v1
∂v1

∂X
+

1

3
πxx1

∂v1

∂X

}

+σ3

{
− ∂ε3

∂X
+
∂ε2

∂Y
+ v1

∂ε2

∂X
+ v2

∂ε1

∂X
− 4

9
v1
∂v2

∂X
− 4

9
v2
∂v1

∂X
+

4

9
v1
∂v1

∂Y
+

4

3

∂v3

∂X
+

4

9
v1

2∂v1

∂X

−1

9
πxx1 v1

∂v1

∂X
+

1

3
πxx1

∂v2

∂X
+

1

3
πxx2

∂v1

∂X

}
= 0 , (D.6)

σ

{
∂ε1

∂X
− 4

3

∂v1

∂X
+
∂πxx1

∂X

}
+ σ2

{
− 4

3

∂v2

∂X
+
∂ε2

∂X
+

4

3

∂v1

∂Y
+

4

3
v1
∂v1

∂X
− 1

3
v1
∂ε1

∂X

−1

3
v1
∂πxx1

∂X
− 1

3
πxx1

∂v1

∂X
+
∂πxx2

∂X

}
+ σ3

{
− 4

3

∂v3

∂X
+

4

3

∂v2

∂Y
+

4

3
v1
∂v2

∂X
+

4

3
v2
∂v1

∂X
− 4

9
v1

2∂v1

∂X

−1

3
v2
∂ε1

∂X
− 1

3
v1
∂ε2

∂X
+

1

3
v1
∂ε1

∂Y
+
∂ε3

∂X
+
∂πxx3

∂X
− 1

3
v1

2∂π
xx
1

∂X
− 1

3
v1
∂πxx2

∂X

−1

3
v2
∂πxx1

∂X
+

1

3
v1
∂πxx1

∂Y
+

1

3
v1
∂πxx1

∂Y
− 1

3
πxx1

∂v2

∂X
− 1

3
πxx1 v1

∂v1

∂X
− 1

3
πxx2

∂v1

∂X

}
= 0 (D.7)

and

σ1/2

{
L
√

3 πxx1

}
+ σ3/2

{
− τ̃π

∂πxx1

∂X
+

4

3

η̃

p0

∂v1

∂X
+ L
√

3 πxx2

}

+σ5/2

{
− τ̃π

∂πxx2

∂X
+ τ̃π

∂πxx1

∂Y
+ τ̃πv1

∂πxx1

∂X
+

4

3
τ̃π π

xx
1

∂v1

∂X
− 4

9

η̃

p0

v1
∂v1

∂X
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+
4

3

η̃

p0

∂v2

∂X
+ L
√

3 πxx3 −
L√
3
πxx1 v1

}
= 0 (D.8)

respectively. The pressure p0 is the background pressure. As described in the step (d),
from the O(σ1/2) term in (D.8) we have:

πxx1 = 0 . (D.9)

From O(σ) terms of (D.6) and (D.7) ( and using (D.9) ) we find:

v1 =
3

4
ε1 . (D.10)

Applying (D.9) and (D.10) to the O(σ3/2) term of (D.8), we find:

πxx2 = − η̃

p0

1

L
√

3

∂ε1

∂X
. (D.11)

Similarly, applying (D.9), (D.10) and (D.11) to the O(σ2) terms of (D.6) and (D.7) we
find respectively:

4

3

∂v2

∂X
− ∂ε2

∂X
= −∂ε1

∂Y
− 1

2
ε1
∂ε1

∂X
(D.12)

and
4

3

∂v2

∂X
− ∂ε2

∂X
=
∂ε1

∂Y
+

1

2
ε1
∂ε1

∂X
− η̃
√

3

3Lp0

∂2ε1

∂X2
. (D.13)

Inserting (D.9), (D.10) and (D.11) into the O(σ5/2) term of (D.8) we obtain:

4

3

η̃

p0

∂v2

∂X
+ L
√

3 πxx3 −
η̃

4p0

ε1
∂ε1

∂X
+ τ̃π

η̃

L
√

3 p0

∂2ε1

∂X2
= 0 . (D.14)

Equating (D.12) with (D.13) we find the following Burgers’ equation for ε1(X,T ):

∂ε1

∂Y
+

1

2
ε1
∂ε1

∂X
=
η̃
√

3

6Lp0

∂2ε1

∂X2
. (D.15)

The O(σ3) terms of (D.6) and (D.7) provide, after using (D.9), (D.10) and (D.11) the
following results:

4

3

∂v3

∂X
− ∂ε3

∂X
+
∂ε2

∂Y
+

3

4
ε1
∂ε2

∂X
+

2

3
v2
∂ε1

∂X
− 1

3
ε1
∂v2

∂X

+
1

4
ε1
∂ε1

∂Y
+

3

16
ε1

2 ∂ε1

∂X
− η̃

4Lp0

√
3

(
∂ε1

∂X

)2

= 0 (D.16)
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and

∂ε3

∂X
− 4

3

∂v3

∂X
+

4

3

∂v2

∂Y
− 1

4
ε1
∂ε2

∂X
+

2

3
v2
∂ε1

∂X
+ ε1

∂v2

∂X
+

1

4
ε1
∂ε1

∂Y
− 3

16
ε1

2 ∂ε1

∂X

+
η̃

4Lp0

√
3

(
∂ε1

∂X

)2

+
∂πxx3

∂X
+

η̃

4Lp0

√
3
ε1
∂2ε1

∂X2
= 0 . (D.17)

Isolating πxx3 in (D.14) and ∂ε3/∂X in (D.16), and then substituting these two results
into (D.17) we obtain the following equation for ε2(X,T ) and v2(X,T ) (considering ε1

previously known from (D.15) ) :

∂ε2

∂Y
+

4

3

∂v2

∂Y
+

1

2
ε1
∂ε2

∂X
+

4

3
v2
∂ε1

∂X
+

2

3
ε1
∂v2

∂X

+
1

2
ε1
∂ε1

∂Y
+

η̃

4Lp0

√
3
ε1
∂2ε1

∂X2
+

η̃

4Lp0

√
3

[(
∂ε1

∂X

)2

+ ε1
∂2ε1

∂X2

]

−τ̃π
η̃

3L2p0

∂3ε1

∂X3
− 4
√

3η̃

9Lp0

∂2v2

∂X2
= 0 . (D.18)

We have thus a system of wave equations: (D.12), (D.15) and (D.18) for the three
variables: ε1(X,T ), ε2(X,T ) and v2(X,T ). In order to solve it, we shall return to the
Cartesian (x, t) space using the (3.6) and (3.7) as described in the step (d) of the RPM.
So, (D.12), (D.15) and (D.18) are rewritten as:

4

3

∂

∂x
v̂2 −

∂

∂x
ε̂2 = −

√
3
∂

∂t
ε̂1 −

∂

∂x
ε̂1 −

1

2
ε̂1
∂

∂x
ε̂1 , (D.19)

∂

∂t
ε̂1 +

1√
3

∂

∂x
ε̂1 +

1

2
√

3
ε̂1
∂

∂x
ε̂1 =

η

6p0

∂2

∂x2
ε̂1 (D.20)

and

∂

∂t
ε̂2 +

1√
3

∂

∂x
ε̂2 +

4

3

∂

∂t
v̂2 +

4

3
√

3

∂

∂x
v̂2 +

1

2
√

3
ε̂1
∂

∂x
ε̂2 +

4

3
√

3
v̂2
∂

∂x
ε̂1 +

2

3
√

3
ε̂1
∂

∂x
v̂2

+
1

2
ε̂1
∂

∂t
ε̂1 +

1

2
√

3
ε̂1
∂

∂x
ε̂1 +

η

4p0

ε̂1
∂2

∂x2
ε̂1 +

η

4p0

[(
∂

∂x
ε̂1

)2

+ ε̂1
∂2

∂x2
ε̂1

]

−τπ
η

3
√

3 p0

∂3

∂x3
ε̂1 −

4η

9p0

∂2

∂x2
v̂2 = 0 . (D.21)
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The three equations above are for the dimensionless variables ε̂1 ≡ σε1, ε̂2 ≡ σ2ε2 as
defined in (3.8) and v̂2 ≡ σ2v2 from (3.9). Inserting (D.20) into (D.19) we obtain:

∂

∂x
v̂2 =

3

4

∂

∂x
ε̂2 −

η
√

3

8p0

∂2

∂x2
ε̂1 (D.22)

which, considering the constant of integration equals to zero yields the the following
relation:

v̂2 =
3

4
ε̂2 −

η
√

3

8p0

∂

∂x
ε̂1 . (D.23)

Calculating the spatial derivative of (D.20) we have:

∂

∂t

∂

∂x
ε̂1 = − 1√

3

∂2

∂x2
ε̂1 −

1

2
√

3

[(
∂

∂x
ε̂1

)2

+ ε̂1
∂2

∂x2
ε̂1

]
+

η

6p0

∂3

∂x3
ε̂1 (D.24)

Substituting (D.23) and (D.24) in (D.21) we find:

∂

∂t
ε̂2 +

1√
3

∂

∂x
ε̂2 +

1

2
√

3
ε̂1
∂

∂x
ε̂2 −

η

6p0

∂2

∂x2
ε̂2 +

1

2
√

3
ε̂2
∂

∂x
ε̂1

+
η

12p0

ε̂1
∂2

∂x2
ε̂1 +

1

4
ε̂1
∂

∂t
ε̂1 +

1

4
√

3
ε̂1
∂

∂x
ε̂1 +

η

6p0

[
η
√

3

12p0

− τπ√
3

]
∂3

∂x3
ε̂1 = 0 . (D.25)

Finally, the set of equations for the small perturbations in energy density: ε̂1 and ε̂2 as
described by (3.8), is given by the Burgers’ equation (D.20) and the equation (D.25).

Using the dimensionless variables x̂ = xT0, t̂ = t T0, τ̂π = T0 τπ and recalling to the
Gibbs relation p0 = T0s0/4, we rewrite (D.20) and (D.25) as:

∂

∂t̂
ε̂1 +

1√
3

∂

∂x̂
ε̂1 +

1

2
√

3
ε̂1
∂

∂x̂
ε̂1 =

χ

2

∂2

∂x̂2
ε̂1 (D.26)

and
∂

∂t̂
ε̂2 +

1√
3

∂

∂x̂
ε̂2 +

1

2
√

3
ε̂1
∂

∂x̂
ε̂2 −

χ

2

∂2

∂x̂2
ε̂2 +

1

2
√

3
ε̂2
∂

∂x̂
ε̂1 +

χ

4
ε̂1
∂2

∂x̂2
ε̂1

+
1

4
ε̂1
∂

∂t̂
ε̂1 +

1

4
√

3
ε̂1
∂

∂x̂
ε̂1 +

χ

2

[
χ
√

3

4
− τ̂π√

3

]
∂3

∂x̂3
ε̂1 = 0 . (D.27)



Appendix E

Linear instability of the gradient
expansion at 2nd order with bulk
viscosity

In this Appendix we investigate the linear stability properties of a fluid described by
the 2nd order gradient expansion theory with bulk viscosity in flat spacetime around
static equilibrium. It is based on our paper [38], and we use the mostly plus flat spacetime
metric gµν = diag(−1, 1, 1, 1) and natural units. Consider the following theories [68, 73]

πµν = −ησµν + ητπ

(
Dσ〈µν〉 +

θ

3
σµν
)

+ κ
(
R〈µν〉 − 2uαuβRα〈µν〉β)

+ λ1σ
〈µ
λ σ

ν〉λ + λ2σ
〈µ
λ Ων〉λ − λ3Ω

〈µ
λ Ων〉λ

+ 2κ∗ uαuβRα〈µν〉β + ητ ∗π σ
µν θ

3
+ λ4∇〈µ ln s∇ν〉 ln s , (E.1)

and

Π = −ζθ + ζτΠ Dθ + ξ1σµνσ
µν + ξ2 θ

2

+ ξ3ΩµνΩ
µν + ξ4∇⊥µ ln s∇µ

⊥ ln s+ ξ5R+ ξ6u
µuνRµν , (E.2)

Also, we need the conservation equations for momentum and energy,

uν∇µT
µν = D ε+ (ε+ p) θ + Πµν∇⊥(µuν) = 0 ,

∆α
ν∇µT

µν = (ε+ p)Duα +∇α
⊥ p+ ∆α

ν∇µΠµν = 0 . (E.3)

In a linear analysis, the relevant linear terms involving the dissipative part of the
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energy-momentum tensor are

πµν = −ησµν + ητπDσ
<µν> ,

Π = −ζθ + ζτΠDθ . (E.4)

We follow [41–43, 59] and consider linear perturbations around a static background. In
order to investigate the stability of the sound channel, it is sufficient to study the effect
of the perturbations

ε = ε0 + δε(t, x) ,

P = P0 + δP (t, x) ,

uµsound = (1, 0, 0, 0) + (0, δux(t, x), 0, 0) ,

η = η0 + δη(t, x) , τπ = τπ,0 + δτπ(t, x) ,

ζ = ζ0 + δζ(t, x) , τΠ = τΠ,0 + δτΠ(t, x) . (E.5)

In this case, the relevant terms for linear perturbations are

θ = ∂xδu
x ,

σxx =
4

3
∂xδu

x +O(δ2) ,

πxx = −4

3
η0∂xδu

x +
4

3
η0τπ,0∂x∂tδu

x +O(δ2) ,

Π = −ζ0∂xδu
x + ζ0τΠ,0∂t∂xδu

x +O(δ2) . (E.6)

Using these results in the conservation equations E.3, one obtains the following differential
equation for the sound disturbance1

[
∂2
t − c2

s,0∂
2
x −

(
4

3

η0

s0

+
ζ0

s0

)
∂2
x∂t +

(
4

3

η0

s0

τπ,0 +
ζ0

s0

τΠ,0

)
∂2
x∂

2
t

]
δux(t, x) = 0 , (E.7)

where s0T0 = ε0+P0. In Fourier space, for δux(t, x) = δux0 e
i(kx−ωt), one finds the dispersion

relation

ω2 − c2
s,0k

2 +

(
4

3

η0

s0

+
ζ0

s0

)
iωk2 −

(
4

3

η0

s0

τπ,0 +
ζ0

s0

τΠ,0

)
ω2k2 = 0 . (E.8)

While the equation above can be solved exactly, when it comes to the stability properties
of these modes it is sufficient to look at the sum of the roots [60], Chapter 4. For the

1Note that we use dimensionless variables t→ t T0 and x→ xT0 and, correspondingly, ω → ω/T0 and
k → k/T0.
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polynomial corresponding to sound disturbances, the sum of the two roots gives

ω1 + ω2 =
i
(

4
3
η0
s0

+ ζ0
s0

)
(

4
3
η0
s0
τπ,0 + ζ0

s0
τΠ,0

)
k2 − 1

. (E.9)

Notice that for k larger than a critical wavenumber ksoundc defined by

ksoundc =
1√

4
3
η0
s0
τπ,0 + ζ0

s0
τΠ,0

, (E.10)

the sum of the roots adds up to a positive imaginary number. Therefore, for k > ksoundc

one of the modes has a positive imaginary part and is, thus, unstable.
Note that in the limit when τπ,0 , τΠ,0 → 0 one finds that ksoundc diverges, which is in

agreement with the fact that NS theory is stable against small perturbations in a fluid
at rest [41–43]. Clearly, for a moving fluid the stability properties become more involved
but it is possible to show that the same type of problems that appears in NS theory also
appear in this case [60]. However, we remark that hydrodynamics is only expected to be
valid in the low frequency, large wavelength limit. Nevertheless, the instability found here
at finite wavenumber motivates the search for a UV completion of this theory that is
linearly stable and can, therefore, be safely used in numerical simulations.

A larger critical wavenumber, kshearc , appears in the shear channel. Linear stability of
shear modes can be studied by choosing a flow disturbance of the kind uµshear = (1, 0, 0, 0)+

(0, 0, δuy(t, x), 0) while the other relations in (E.6) remain valid (see [67]). This leads to
the following dispersion relation

ω

(
1− η0

s0

τπ0k
2

)
+ i

η0

s0

k2 = 0 , (E.11)

which can be easily solved to give

ω(k) =
i η0
s0
k2

η0
s0
τπ,0k2 − 1

,

kshearc =
1√
η0
s0
τπ,0

> ksoundc . (E.12)
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